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Preface

These lecture notes are for my graduate course Algebra Geometry in Fall 2020 at
the University of the Chinese Academy of Sciences. The lectures were given in the
Morningside Center of Mathematics. In addition to the original sources and classical
textbooks, I have been much influenced by a course taught by Luc Illusie in Spring
2004 and the Stacks Project [SP)].

These notes owe their existence to one student, Hang Yin, who painstakingly
typed up a first draft. I am deeply indebted to him. I thank Yirong Hu, Luc Ilusie,
and Jiahao Niu for corrections and suggestions.
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Schemes
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1.1 Algebraic subsets

Let k be an algebraically closed field, A"(k) = {(a4, . ..,a,) € k"} the affine n-space.
Let R = k[xy,...,x,] be the polynomial ring.

Notation 1.1.1. For f € R, Z(f) = {P € A™(k), f(P) = 0}. Similarly, for 7' C R,
Z(T)={P e A"(k): f(P)=0,VfeT}.

Remark 1.1.2. Z(T) = Z(I), where [ is the ideal generated by T.
Theorem 1.1.3 (Hilbert Basis). R is a Noetherian ring.

Remark 1.1.4. Every ideal I C R is finitely generated. For I = (fi,..., fm), we
have Z(I) = N; Z(f:)-

Proposition 1.1.5. Some properties:
(2) Z(3: i) =N Z(1L).
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(3) Z(ILN1) =Z(1) U Z(I3).
(4) Z2(0) =R, Z(R) = 0.
Proof. 3: it is easy to see Z(I1 N 1y) O Z(1;) U Z(I3). We see I11s C I; N I5. Thus

we have Z(I, N Iy) C Z(I11,). Let P ¢ Z(1,),P ¢ Z(I5). By definition, we have

fel,f(P)#0,9€L,g(P)#0. But fg € LIy and f(P)g(P) # 0.
]

Definition 1.1.6 (Zariski Topology and Algebraic Subsets). The above properties
ensure that the Z(I) are the closed subsets of a topology on A"(k), called the Zariski
topology. Closed subsets in A" (k) are called algebraic subsets.

Example 1.1.7. (1) A°%k) = pt.

(2) Consider A'(k). Since k[z] is a PID, every ideal I = (f). Then Z(I) consists
of the roots of f. Therefore algebraic subsets C Al(k) are precisely finite
subsets. This topology is called the cofinite topology. Since k£ is infinite,
this topology is not Hausdorff.

(3) In A™(k), every point is closed. P = (ay,...,a,) is defined by the ideal mp =
(x1 — ay, ..., T, — a,). Actually mp is a maximal ideal. This shows A"(k) is a
T} space.

(4) Consider A?(k). As a set, it is in bijection with Al(k) x Al(k). But its Zariski
topology does not agree with the product topology. For example Z(z — y) is
closed in A?(k) but not in the product topology.

Notation 1.1.8. For Y C A™(k), I(Y) ={f € R: f(P) =0,VP € Y}. It is the

same thing as Npcy mp.
Proposition 1.1.9. Properties of 1(Y'):
(1) If Y1 CYa, then I(Y1) 2 I(Y2);
(2) 1(U;Ys) = N; 1(Y5);
(3) Z(I(Y)) =Y (closure in A™(k) for the Zariski topology).

Proof. 3: 1t is clear Z(I(Y')) 2 Y, hence contains its closure. Suppose Y C Z(I),
then Vf € I, fiszeroon Y, thus I C I(Y), hence Z(I) 2 Z(I(Y)). Hence Z(I(Y))
is the closure of Y. H

Theorem 1.1.10 (Hilbert’s Nullstellensatz). For each ideal I, we have I(Z(I)) =
VI

Corollary 1.1.11. There is an order-reversing one-to-one correspondence between
algebraic subsets of A™(k) and radical ideals of R, given by
Y = I(Y)
Z(I) 1
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Corollary 1.1.12. Every maxzimal ideal in R has the form mp for some P € A™(k).
Corollary 1.1.13. For every ideal I in R, we have /I = Nmor M.
A ring satisfying the above property is called a Jacobson ring.

Lemma 1.1.14. Let K be a field (not necessarily algebraic closed). Let E be a
finitely generated K-algebra. Suppose E is also a field. Then E/K is a finite field
extension.

For a proof, see [AM| Corollary 5.24].

Proof of the Nullstellensatz. We have I(Z(I)) 2 v/I. Suppose f ¢ /I, then in Ry,
IR; is not unit ideal. Choose a maximal ideal m O IRy, then R;/m is a finitely
generated k-algebra which is also a field, hence Ry/m = k. Now R — R; —

R;/m = k defines a ring homomorphism and a maximal ideal np such that np O I
and f ¢ np, hence P € I(Z(I)) but f is not zero on P. Thus f ¢ I(Z(1)). O

Notation 1.1.15. For a ring A, we let Max(A) denote the set of all maximal ideals
of A. This set is called the maximal spectrum of A.

From the Nullstellensatz, there are bijections

A"(k) ~ Max(R)
Z(I) ~ Max(R/I)

We find that an algebraic subset is in bijection with the maximal spectrum of a
finitely generated k-algebra.

1.2 Spectrum of a ring

For a ring homomorphism f: A — B, there is no natural map Max(B) — Max(A)
in general. The pull back of a maximal ideal is a prime ideal but not necessarily
maximal. This shows the maximal spectrum behaves badly.

Notation 1.2.1. For a ring A, we let Spec(A) denote the set of all prime ideals of
A. We call Spec(A) the (prime) spectrum of A.

Every ring homomorphism ¢: A — B induces a map

Spec(¢): Spec(B) — Spec(A)
P o (p)

Notation 1.2.2. For ' C A, let V(T) = {p € Spec(A) : T' C p}. For f € A, let
D(f) = Spec(A\V(f).

Remark 1.2.3. V(T') = V(I), where I is the ideal generated by T.
Proposition 1.2.4. (1) For I; C I, we have V(I1) D V(I3);

(2) V(Zi L) = N VI(IL);
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Proof. 3. It is clear V(I; N Iy) D V(1) UV(ly). Also, V(I112) 2 V(I N I).
Consider a prime ideal p not in V(I;) UV (ls), that is I; C p, I, C p, then there
exists f € I1,g9 € I such that f,g ¢ p, hence fg € I1I, but fg ¢ p. This shows
p ¢ V(L) o

We equip Spec(A) with the topology for which the closed subsets are exactly
subsets of the form V(7). We call it the Zariski topology.

Notation 1.2.5. For Y C Spec(A), let I(Y') = N,y p. This is an ideal of A.
Proposition 1.2.6. Properties of I(Y):

(1) If Y1 C Ys, then 1(Yy) 2 1(Y3)

(2) I(U;Y:) = N 1(Y5);

(3) VI(Y)) =Y;

(4) for an ideal I, I(V(I)) =+/T.

Corollary 1.2.7. There is an order-reversing one-to-one correspondence between
closed subsets of Spec(A) and radical ideals of A, given by
Y — I(Y)
V()< 1

Moreover, the closed points of Spec(A) are the maximal ideals of A.
Example 1.2.8. (1) A =0 < Spec(A) = 0.
(2) Let k be a field. Then Spec(k) = pt.

(3) AL = Spec(k[z]). The closed points are of the form (f), where f is an irre-
ducible polynomials. The generic point is (0). Closed subsets are either the
whole space or a finite set of closed points. It is not even a T} space, but it is
a Tg space.

(4) Consider Spec(Z). The closed points are of the form (p), where p is a prime
number. The generic point is (0). The topology is similar to that of A}.

Corollary 1.2.9. Spec(A) is quasi-compact (namely, every open cover has a finite
subcover).

Proof. Suppose NV (I;) = 0. Then /> I; = A, thus 1 € 3 I, hence there are some
11y ...,%, such that 1=a —i— -+ a, where a; € I, hence I, ..., I; generate A,
hence V()N V(L) = O

Notation 1.2.10. Let I¢ = IB and J¢ = ¢~ '(J) denote the extension and contrac-
tion ideals with respect to certain ring homomorphism ¢.
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Lemma 1.2.11. Let ¢: A — B be a ring homomorphism and f = Spec(¢): Spec(B) —
Spec(A). Then

(1) 7YV (1)) = V(I for every ideal I of A;

(2) f(V(J)) =V (J) for every ideal J of B.

Proof. (1) For q € Spec(B), f(q) € V(I) means q° 2 I, which is equivalent to
q 2 I°. Hence f~Y(V(I)) =V (I°).

(2) We have I(f(V(]))) = Nycg @' (a) = ¢ (Nucqq) = ¢ (V) = /o1 (J).
Applying V', we get f(V(J)) = V(J).

]

Proposition 1.2.12. Let ¢: A — B be a ring homomorphism. Then Spec(¢): Spec(B) —
Spec(A) is continuous.

Proof. This follows immediately from Part 1 of the above lemma. O]

Example 1.2.13. (1) For I an ideal in A, the quotient map 7: A — A/I induces
to Spec(m): Spec(A/I) — Spec(A), which is a closed embedding.

(2) Suppose S is a multiplicative subsets in A. The localization map ¢: A — S™1A
induces Spec(¢): Spec(S™'A) — Spec(A), which is also an embedding.

Lemma 1.2.14. Let ¢: A — B be a ring homomorphism. Then Spec(¢) identifies
Spec(B) with a subspace of Spec(A) if and only if every ideal J € B satisfies v/.J =
Ve

Proof. Tt is easy to see that f = Spec(¢) is an embedding if and only if f~!(f(F)) =
F for every closed subset F' C Spec(B), which translates to the corresponding
condition on ideals. O]

It is easy to verify that A — A/I and A — S~'A satisfy the condition in the
lemma.
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Date: 9.17
Recall we define Spec(A) as prime ideals of A with Zariski topology. A basis

D(f) = {p € Spec(A)|f ¢ p}, f € A.

For a ring homomorphism ¢: A — B, we have
¢": Spec(B) — Spec(A)
q—q°

Some examples: 7: A — A/l and ¢: A — S7'A, where S is a multiplicative
system in A. The image of 7* is V() and the image of ¢* is Nyes D(f). If A is an
integral domain, S = A\{0}, then S™'A = Frac(A). Spec(Frac(4)) is a point, and
its image in Spec(A) is the generic point of Spec(A), given by the zero ideal of A.

Example 1.2.15. Consider

klz, y]
] / \ )

We have

Spec(klz,y]) = A

— T

Spec(k[z]) = A} Spec(kly]) = A

This defines a continuous map A? — A} x*P Al (product space). This is surjective
but not injective, since the points (0) and (z — y) in Spec(k[x,y]) both map to
((0),(0)) in A} xtP Af.

Example 1.2.16 (Tangent Space). Consider k[z1,...,2.]/(f1,- -, fm), L = (f1s- - fin)-
Let P = (ay,...,a,) € Z(I), then ,Vi, f;(P) = 0. Consider mp = (x; —ay,..., o, —
an)/I. Define

Tp:{(tl,..., Ekn|za$ }

which is a linear subspace of k.
We can write it in algebraic form. Let kle]/(e?) = {a + be,a,b € k}. Consider
the diagram of rings

A Afmp =k
gy pT
“
k[e] /e

where p sends € to 0 and ¢ (x;) = a;. A homomorphism ¢ is defined by ¢(x;) = a;+t;e.
It factors through I if and only if

tie = Z gi; (P)t;e

0= fjla1 + ti€, ..., an + tpe) = fi(ar,...,a +Z@m
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in k[e]/(€?). This is the same thing as a tangent vector defined above. Thus we have
a bijection
Tp~{¢: A= kle/(€") | pp = ¢}

However, Tp cannot be read off from the induced maps of topological spaces:

Spec(A) e Spec(k)

‘\\\
o e Jp*

Spec(ke]/(¢*))

Indeed, p* is a homeomorphism.

1.3 Sheaves

Let X be a topological space, C a category.

Definition 1.3.1. Let Open(X) = ({open subsets of X'}, C). It is a poset and can
be viewed as a category: there is a unique morphism U — V if U C V and no such
morphism otherwise.

(1) A presheaf on X with values in C is a contravariant functor Open(X)°? — C.
Denote PShv (X, C) = Fun(Open(X)°?,C).

(2) A morphism between two sheaf F,G is a natural transformation ¢: F — G.

In details, a presheaf F: Open(X)°® — C consists of F(U) € Ob(C) for each
open sets U, and pyy: F(V) — F(U) a morphism (called restriction) in C for
U C V. We require them to satisfy:

(1) puv = idr@wy,
(2) For U CV C W, we have pyy o pyw = puw

A morphism ¢: F — G consists of ¢y : F(U) — G(U) for each open set U that
satisfies for U C V:

FU) -2 g(U)
ngT pgvT
F(V) -2 g(v)
In the rest of this section we assume that C is Set, Ab, or Ring. Elements of

F(U) are called sections. For the morphism pyy: F(V) — F(U),s € F(V), we
sometimes write sy for pyy(s) € F(U).

Definition 1.3.2. A sheaf is a presheaf F satisfying the following gluing property:
VYU C X open, {U;} an open cover of U,

FU) —— ILFU) == Iy F (Ui N Uj)

is an equalizer diagram. The latter two maps are induced respectively by two inclu-
sions Ul N Uj C UZ and UZ N Uj C Uj.



8 CHAPTER 1. SCHEMES

In other words, Vs; € F(Uy), if si|lv,nv; = sjlv,nu; then 3ls € F(U) such that
sly, = s;. Note that uniqueness is equivalent to the injectivity of F(U) — IT; F(U;).
A presheaf satisfying the uniqueness is called separated.

Remark 1.3.3. Consider the empty set (. The empty cover is a cover of (). Now
by definition, empty product is the terminal object and the equalizer of a pair of
endomorphism of the terminal object is terminal. This shows that for any sheaf F,
F(0) is a terminal object of C.

Example 1.3.4. Let X,Y be topological spaces. Then Fy(U) = Map,,.(U,Y)
defines a presheaf Fy on X. It is easy to see this is also a sheaf.

(1) If Y is discrete, then Yy = Fy is called the constant sheaf: Yy (U) =
{f: U—=Y | flocally constant}

Example 1.3.5. Let f : Z — X be a continuous map. For U C X open, define
hz(U) as the set of continuous sections s of f|y: f~1(U) — U (namely, continuous
maps s: U — f71(U) satisfying |y o s = id):

J7U) —— 2

o

U—>1— X

Such sections correspond bijectively to continuous maps s: U — Z such that fos =
j. This defines a sheaf on X.
Take Z = X x Y and p: Z — X the projection, then p~(U) = U x Y

UxY — X xY

l J

U—— X

and a section s: U — U x Y is determined by U — Y. Thus hxxy = Fy.

Example 1.3.6. Let X be a complex manifold. We have sheaves Cx — Ox — F¢
defined by

NG Ox (V) Felt)
H H

{U — C locally constant} {U — C holomorphic} {U — C continuous}

Example 1.3.7. Let X = pt, then

Set = Shv(pt, Set)
F(pt) <« F
o it

pt— S.
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Proposition 1.3.8. Let F be a presheaf. Then 3 a sheaf F and v: F — F1 such
that ¥ sheaf G and a morphism of presheaves ¢: F — G, there exists a unique
ot FT — G such that

g
v
F 2= Ft
Definition 1.3.9. We call 7' the sheafification of the presheaf F. It is also called

the sheaf associated to F and sometimes denoted a.F.

Construction. For any open cover {U;} of an open subset U, consider
EQ( Hz’«F(Ui) — Hi,jF(UimUj) )
We define a presheaf ' on X by

F(U) = colim Eq( [L F(U) — II., F(U; N U;) )

The category Cov(U) of open covers of U is defined as follows. An object is an
open cover {U;}ie;. A morphism between two covers {U; }ier — {V;}jes is a map
f: I — Jsuch that U; C Vy).

It is easy to see that F’ is a separated presheaf. Moreover, F’ is a sheaf if F is
separated. We take F+ = (F'). O

Categorical point of view: We have Hom(F,(G) = Hom(aF, G).
PShy i Shy a-

Example 1.3.10. Let X be a topological space, A a set. Define the constant
presheaf AP by ARM(U/) = A. Then (A%")* = Ay is the constant sheaf.

Definition 1.3.11 (Functoriality). Let f: X — Y be a continuous map.

(1) For F € PShv(X), define f,.F(V) = F(f~*(V)), f.F € PShv(Y). If Fis a
sheaf, then f,F is also a sheaf. This is called pushforward or direct image.

(2) for G € PShv(Y'), define

1 . .

(fpaG)(U) = colim F(V)
It is clear f,;(G) € PShv(X). This is called pullback or inverse image. We
have Hom(f G, F) = Hom(G, f..F).

p
(3) Unfortunately, even if G is a sheaf on Y, f 4 (G) may not be a sheaf. So we

define f7'G = (f;;,G)". We have f~! 4 f,. Form the commutative diagram

PShv(X) «—— Shv(X)

I» I»

PShv(Y) +—— Shv(Y)
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Taking left adjoints, we obtain the following diagram, which commutes up to
natural isomorphism:

PShv(X) —*— Shv(X)
(131) fp_s:lT f_IT
PShv(Y) —*— Shv(Y)

Example 1.3.12. Consider j: U — X open. Then j 3 F(V) = F(VNU). We
usually denote it by F|y. We have j71F = jgsi]-" if F is a sheaf.

Example 1.3.13. We have f~'Ay ~ Ay by (1.3.1) applied to A"
Example 1.3.14. Consider i,: pt -+ X, pt — z € X.
. y—1 .
(i) o (F) () = colim F(U)
={(U,s)lz eUse FU)}/ ~

where the equivalence relation is defined as follows: (U, s) ~ (V,t) if and only if
Jxr € W C UNV such that s|y = t|yr. The same formula holds for i,
This is also called the stalk of F at = and is denoted by F,. For each x € U,

we have

FU) = Fu
s+ (U, s)]
The image of s is called the germ of s at = and denoted s,. We have F,f ~ F, by
(1.3.1)).

Lemma 1.3.15. Suppose F a sheaf, s,t € F(U) such that s, = t, € F,,Vx € U.
Then s =t.

Proof. By definition, for each x € U, s,t agree on some neighborhood W, of x.
These W, cover U when x varies in U, hence s,t agree on an open cover of U, hence
they agree on U. [

Proposition 1.3.16. Let F,G be sheaves.

(1) Suppose ¢, : F — G morphisms of sheaves such that ¢, = 1b,,Vr € X. Then
¢ = 1.

(2) Suppose ¢: F — G, ¢, is bijective for all x € X. Then ¢ is an isomorphism.

Proof. (1) For U open, s € F(U), then ¢(U)(s), = ¥(U)(s),, Vx € U, by above
Lemma, we have ¢(U)(s) = ¢(U)(s), hence ¢ = .

(2) We construct 9 to be the inverse of ¢. For t € G(U), and x € U, since ¢(U),
is bijective, there exists open set x € V, C U and s, € F(V,) such that
&(Vz)(sz) = tly,. Consider z,y € U, Vz € V, NV, we have s,|, = t|. = 5|5,
hence s,|v,nv, = Sy|v,nv,, hence s, € F(V;) glue to s € F(U).

]

Consider continuous maps f: X — Y and g: W — X. Then g7 ' f~! = (fg)~".
In the case where W = pt and g = 17,., we get
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Limits and Colimits

Recall that C = Set, Ab, or Ring.
The category PShv (X, C) admits arbitrary small limits and colimits.

(lim 75)(U) = lim F;(U)
(colimP F;)(U) = colim™" F;(U)

It is easy to see the limit defined above takes sheaves to sheaves. But for colimits
of sheaves, we need to sheafify: colim; F; = (colim?™ F;)*. The category Shv(X,C)
also admits small limits and colimits. The sheafification functor commutes with
colimits and the functor + commutes with limits.

Recall that filtered colimits in C commute with finite limits, hence finite limits of
sheaves do not need to sheafification. The same remark shows that the sheafification
functor is left exact, and hence exact. (Recall that a functor is called left (resp.
right) exact if it commutes with finite limits (resp. finite colimits). A functor is
called exact if it is left and right exact.)

The following special case will be used very often.

Definition 1.3.17. Let ¢: F — G be a morphism of Abelian sheaves.
(1) ker(yp) is defined to be (ker(p))(U) = ker(¢(U)). It is already a sheaf.
(2) coker(yp) is the sheafification of the presheaf U +— coker(p(U)).
Proposition 1.3.18. Shv(X, Ab) is an Abelian category.
Proof. We first check that Shv(X, Ab) is an additive category:

(1) Tt has a zero object (namely, an object that is initial and final): the constant
sheaf 0;

(2) Finite coproducts and finite products exist and coincide: we have F X G =~
Ferhg~Fag.

(3) The commutative monoid Hom(F, G) admits inverses: (—¢)y(s) = —ou(s).

Recall that an abelian category is an additive category admitting kernels, coker-
nels, and such that coimages coincides with images. The last property means that
for every morphism ¢: F — G, the canonical morphism ¢ : coker(i) — ker(p) is an
isomorphism, where

ker(¢) —— F LI coker(¢).

Since sheafification commutes with taking kernels, 1 is the sheafification of 1)P*!: cokerP™ (i) —
ker(pP™), where pP: G — coker®(¢). Since 17" is an isomorphism for every U, 1
is an isomorphism. O

Let f: X — Y be a continuous map. The functor f~! commutes with colimits
and f, commutes with limits.
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Proposition 1.3.19. Let f: X — Y be a continuous map between topological
spaces. Then f~': Shv(Y,C) — Shv(X,C) is an ezact functor.

In particular, taking stalks at a point is an exact functor.

Proof. 1t suffices to show that f~! is left exact. By definition,

-1 .
(fpa)(U) = colim G(V')
which is a filtered colimit, hence commutes with finite limits. The the sheafification
functor also left exact, hence the result. n

Proposition 1.3.20. A sequence F %G5 Hin Shv(X, Ab) is exact if and only
if it is exact on stalks: F, KN G 2N H, is exact for every x € X.

Proof. This follows from the exactness of taking stalks. For the “if” part, we also

need Proposition [1.3.16] ]

Example 1.3.21. Consider 7: Y C X a closed embedding, G a sheaf on Y. Then
G(U)=G(UNY). For x € X,

(1.G)s = ngén Gguny)

) r¢Y
G, zeY,

where x denotes a final object of C. It follows that the functor i,: Shv(Y, Ab) —
Shv (X, Ab) is exact. (The functor i,: Shv(Y, Set) — Shv(X, Set) does not preserve
initial objects unless i is a homeomorphism.)

Let ¢: i .G — G be the canonical morphism. Then ¢, can be identified with
idg,. Hence ¢ is an isomorphism. In the other direction, for every an abelian sheaf
F on X, the canonical morphism ¢: F — i,i ' F is an epimorphism. This is easy
to check on stalks.

Warning 1.3.22. An epimorphism of sheaves is not surjective on sections in gen-
eral. Let X be a connected topological space, Y = {z,y} two distinct closed points
in X, ¢:: Y — X. Consider the constant sheaf Zx on X. Then Zx(X) = Z since
X is connected. But (1,0 'Zx)(X) ~ Zy(Y) ~ Z x Z. The map ¢x: Zx(X) —
1.t Zx (X) is not surjective.

Let us describe epimorphisms of sheaves of sets or abelian groups. A morphism
of sheaves ¢: F — G is an epimorphism if and only if VU open in X, s € G(U),
HU;} an open cover of U and t; € F(U;) such that ¢, (t;) = s

U;-
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Remark 1.3.23. We have defined for every continuous map f: Z — X between
topological spaces, a sheaf of sections F = hy such that hz(U) is the set of con-
tinuous sections U — Z of f over U. Conversely, every sheaf of sets has the form
F ~ hyz. Here Z = [1,cx Fo- An element in Z has the form (z,s), where x € X,
s € F,. We equip Z with the strongest topology such that for all U C X open and
s € F(U), the map

ps: U —= 2

x> (x,8;)

is continuous. A basis for the topology is given by the subsets ¢4(U). The space Z
is called the espace étalé of F.

1.4 Schemes

Let A be a ring and let X = Spec(A4). We now proceed to equip X with a sheaf
of rings Ox such that Ox(X) = A and for f € A, Ox(D(f)) = Ay. Recall

D(f)={pecAlf ¢p}
Consider the poset B = ({D(f) | f € A}, C). Define a functor

B —s Ring
D(f) w Ay

If D(f) € D(g), we have V(f) 2 V(g) hence /f C /g, which means that [ = ga
for some n > 1 and a € A. This implies that ¢ is invertible in A; and there is a
natural ring morphism A, — Ay;. This finishes the definition of functor.

Lemma 1.4.1. Let X be a topological space, B an open basis such that U,V € B =
UNV e B and () € B. We let Shv(B,C) denote the category of B-sheaves, namely
the full subcategory of Fun(B°,C) spanned by functors F satisfying the following
gluing condition: for every open cover {U;} of U € B with U; € B,

FU) —— 1L F(U;) —= Hi,jF(UiﬂUj)
is an equalizer diagram. Then the restriction functor
®: Shv(X,C) — Shv(B,C)

is an equivalence of categories, where (x) denotes

Proof. We first prove that ® is fully faithful, which means that for F,G sheaves on
X, we have Hom(F,G) = Hom(F|g,G|s). This is clear by the gluing condition for
sheaves on X, since B is a basis.

We next prove essential surjectivity. Let G be a B-sheaf. We define a sheaf F
on X by

FW) = colim  Fa( LG == IL,60N ;). )
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Here Cov(U) is the category of open covers of U in B. In more detailed words, an
element s € F(U) is an equivalence class of pairs ({U; }ier, {si }ier), where {U;} is an
open cover of U in B and s; € G(U;). We require {s;}ic; to be compatible, namely
silvinu; = sjlvinu,. Two pairs ({Uitier, {sitier) and ({V;}jes, {t;}jes) are equivalent
if there exists a common refinement {Wj, }rex in B of {U;}ier and {V;};e such that
{s;} and {t,} restrict to the same family on {W}}.

[

Proposition 1.4.2. Let X = Spec(A), B={D(f) | f € A}. Then the functor

B — Ring
D(f) — Ay

extends uniquely to a sheaf Ox on X up to isomorphism. Moreover, Vp € X,Ox, =
Ap-

Proof. The second assertion is clear. For the first assertion, let U = D(f) be open
and {D(f;)}ier an open cover of U. Since D(f) = Spec(Ay), we may assume U = X.
The gluing property in this case says that

A $> Hz Afi  — Hz‘,j Afifj

is an equalizer diagram.

Let us first show that the general case follows from the case of a finite cover.
Since X is compact, there exists a subset J C [ such that {D(f;)};es covers X.
The injectivity of A follows from the case of a finite cover. Let (s;) € [T Ay, such
that si|p(ry,) = sjlpesy,) for all i,5 € I. By the case of a finite cover, there exists
s € A such that s; = s|p(y,) for all j € J. Then, for all 4, s;|ps.s,) = s|p(sy,) and
s; = s|p(s,) by the injectivity of A for the cover {D(f;f;)}jes of {D(fi)}.

Thus we may assume that [ is finite. In this case A is fully faithful and the result
follows from Proposition below. We also give a more direct proof as follows.
Let a € A such that a|p, £ = 0 for all 2. Then for each i, there exists m; such that
fia=0. But {D(f;)} = {D(f{™)} cover X, so that f™* generates the unit ideal.

]

Therefore, 1 annihilates a and a = 0. It remains to check that every (s;) € IT; Ay,
b

satisfying si|p(.,) = sjlp(s.y,) for all 4, j € Iisin the image of A\. Write s; = - We

may multiply b; with powers of f; to assume Vi, m; = m. We have fbm = ;—in Agigi
i J

Hence there exists r such that (f;f;)"(bifj" — b;f{") = 0. Up to replacing b; by b; f]

and m by m + r, we may assume b; f/* — b; f* = 0. Since D(f/") cover X, we have

1= Z(lzflm Let s = Ea,bl Then, on D(fl), Sflm = Zj ajbjfim = Zj a]blfjm = bi,

]

so that s|p(g,) = si.

Proposition 1.4.3. Let ¢: A — B be a faithfully flat ring homomorphism. Then

A3 B—=Be,B
is an equalizer diagram in the category A-Mod. The morphism iy,i are defined by
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Recall that ¢: A — B is called faithfully flat if for every sequence of A-modules

M N P,

it is exact if and only if it is exact after tensoring with B:
M@AB%N@)AB%P@AB

Note that ¢ is faithfully flat if and only if ¢ is flat and Spec(¢) is surjective ([AM]
Exercise 3.16], [M2, Theorem 7.3]).

Proof. Since ¢ is faithfully flat, we only need to prove that the diagram is an equal-
izer after tensoring with B on the right:

$RB 1®B
B— B®, B _—_—B®,B®s4B
QB
Define
f:B®sB—B

by ® by — b1y
g: B, B®s B —B®s B
b1 ® by @ b3 — by @ babs
One readily checks that
foop=id
go(iy®B) =id
gpof=(i2®B)og
This is called a split equalizer and one can show directly that a split equalizer is
an equalizer. 0

Next we consider the functoriality of the sheaf of rings defined above with respect
to ring homomorphisms. Let ¢: A — B a ring homomorphism. We have the
corresponding continuous map

¢": Spec(B) — Spec(A)
qq°

Let X = Spec(B), Y = Spec(A). For g € A, we have

(¢")1(D(
Oy (D(g)) = A,
$.0x(D(g)) = Ox(D(é(g)) = By(y)

K
N—
N—
I
S
©-
—~
N}
S—
S—

The homomorphism ¢ naturally induces a homomorphism A, — Bg. This de-
fines a morphism of sheaves f’: Oy — ¢,Ox, which corresponds by adjunction to
f%: ¢7'Oy — Ox. For p € Spec(B), f* induces Oy 4 = (¢ Oy)p, = Ox,p.
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Definition 1.4.4. A ringed space consists of a pair (X, Ox), where X is a topo-
logical space and Ox is a sheaf of rings on X. A locally ringed space is a ringed
space such that Vo € X, Oy, is a local ring.

A morphism of ringed spaces is a pair (f, f*): (X, Ox) — (Y, Oy), where f: X —
Y is a continuous map and f*: f~'O0y — Ox is a morphism of sheaves of rings. A
morphism of locally ringed spaces is a morphism of ringed spaces such that Vax € X,
fﬁ: Oy, fz) = Ox, is a local ring homomorphism. (Recall that a homomorphism
between local rings ¢: B — A is called local if ¢(mp) C my, or, equivalently,
»~'(m4) = mp.) For two morphisms of locally ringed spaces

f f
(X,0x) L5 (v, 04) 125 (7.0,)

the composition is (gf, (gf)*), where (gf)* is defined by

i

f
(go )10, = g1 (0,) 24 10, 2 0y

Definition 1.4.5. An affine scheme is a locally ringed space that is isomorphic to
(Spec(A), Ospec(ay) for some ring A. A scheme X is a locally ringed space (X, Ox)
such that there exists an open cover {U;} of X such that the restriction (U;, Ox|y,)
is an affine scheme for all 7. For schemes X and Y, a morphism of schemes X — Y
is a morphism of locally ringed spaces.

We denote the category of schemes by Sch, which is a full subcategory of the
category of locally ringed spaces.

Proposition 1.4.6. The functor

Spec: Ring®® — Sch

A — (Spec(A), Ospec(a))
1s fully faithful.
Proof. For A, B rings, we need to check that the map
U: Hompging(A, B) — Homge, (Spec(B), Spec(A))

is a bijection. Let X = Spec(A), Y = Spec(B). We define

®: Homge, (Y, X) — Homping (A, B)

by (f, f9) = fo: A = Ox(X) = Oy(Y) = B. It is easy to see ® o ¥ = id. It
remains to show W o ® = id. Let (f, f*): Spec(B) — Spec(A4) be a morphism and
let ¢ = ®(f, f*): A — B. For q € Spec(B), we have a natural commutative diagram
defined by restricting to stalks:

¢
e

I, 1

Afg — B

LS}

Since f* is a local ring morphism we have f(q) = ¢~1(q). Moreover, by the universal
property of localization, f‘f must be the morphism induced by ¢. This concludes
that ¥ o ® = id. O
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If we did not require f* to induce local homomorphisms, then the above propo-
sition would fail to hold. For example, Homgine(Z, Q) has only one element, but for
every p € Spec(Z), we can define a morphism of ringed spaces (f, f*): Spec(Q) —
Spec(Z) of image {p} with fgpec((@) given by Z, — Q.

Example 1.4.7. (1) Spec(0) = 0 is the initial object of Sch.
(2) For a field k, Spec(k) is a point equipped with the constant sheaf of value k.

(3) For A = k[e]/(€?), Spec(A) is a point equipped with the constant sheaf of value
A.

(4) For a discrete valuation ring (DVR) A, X = Spec(A) = {n, s} where n = (0)
and s = m is the unique maximal ideal of A. We have Ox(n) = Frac(A),
Ox(X) =A.

(5) Spec(Z).

(6) For a ring A, A" := Spec(A[z1,...,x,]) is called the affine n-space over A.
For n > 2, not all opens are principal (see below).

Definition 1.4.8. Let X be a scheme, U an open subset of X. It is easy to see that
(U,Ox|v) is a scheme. This is called an open subscheme of X.
A morphism of scheme f:Y — X is called an open immersion if f identifies

Y with an open subscheme of X, i.e. f is a composition Y 2% U 2 X, where g is
an isomorphism and j is the inclusion of an open subscheme.

Not all schemes are affine.

Example 1.4.9. Let X = A, U = X\V(z,y). Namely U is the open subset formed
by removing the origin. We observe that U = D(z) U D(y), so that O(U) is

Eq(O(D(z)) x O(D(y)) —= O(D(z) N D(y)))

kla,y, =] < Kz, y,y7'] klz,y, 27ty
The equalizer is k[z,y, z7'| N k[z,y,y~'| = k[x,y]. Thus the map
¢ : Homgen (X, U) = Homping (Ou(U), Ox (X))

defined by (f, f*) = f? is not surjective. In particular, U is not affine.

Example 1.4.10. For a family of schemes {X;};c;, the coproduct is X = I[; X,
equipped with Ox defined by Ox(I1; U;) = II; Ox,(U;). If I is infinite and X; is
non-empty for all ¢, then X is not quasi-compact, and hence not an affine scheme.
On the other hand, if I is finite with X; = Spec(A4;), then X = Spec([]; A;).
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Definition 1.4.11. Let X be a topological space, {U;} an open cover. A Glu-
ing Datum consists of a family of sheaves F; over U; and a family of morphisms
Yij: Fi U;NU; — JT:j’UZﬂU]-- such that

(1) vi = id and
(2) Yik = Yjk © Vij Ol U;N Uj NU,.

A morphism of gluing data (F;, vi;) = (G;, d;;) is a family of morphisms of sheaves
¢;: F; — G; such that

1s commutative.
~

Lemma 1.4.12 (Gluing sheaves). We have an equivalence of categories Shv(X,C)
{gluing data}.

Proof. Let (F;,7;;) be a gluing datum. Define
FU)=Ea( LAUNU) —3 T RN )

where 7y is induced by the restriction F,(UNU;)) —— FUNU; NU;) and my

is induced by Fi(UNU;) —— F(UNU;NU;) —— FUNU;NT;) .
O

Lemma 1.4.13 (Gluing morphisms of schemes). Let X,Y be schemes, {U;}icr an
open cover of X. Then

Homsch(X, Y) —_— Hz Homsch(Ui, Y) ¢ Hz‘j Homgch(Ui N Uj, Y)

is an equalizer diagram. More generally, U — Homge,(—,Y) is a sheaf of sets on

X.

Proof. Let (fi: U; — Y) be a compatible family of morphism. We first glue them
in the category of topological spaces and get a continuous map f: X — Y. Then
f2 (f10y) |y, — Oxly, is a compatible family of morphisms of sheaves, namely a
morphism of gluing data and the previous lemma tells us that there exists a unique
fi: f10Oy — Oy that restricts to f7. O

Remark 1.4.14. The above lemma implies that if X is a scheme and {U;} is an
open cover, U;; = U; N Uj, then

Hij Uy —= LU — X

is a coequalizer diagram in the category Sch.
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Lemma 1.4.15 (Gluing schemes). Let {X;}icr be a family of schemes. Let X;; C X;
be open sub-schemes and f;;: X;; — Xj; isomorphisms of schemes for all i,j € I.
We require

(1) fi=id
(2) fi;(Xi N Xig) = X5 N Xy
(3) fik = fix o fij on Xij N Xy
Then there exists a scheme X and open immersions f;: X; — X such that

Xij — Xz

b N

XJZ‘—>X]L>X

and has the universal property: For every scheme Y and a family of morphisms of
schemes g;: X; — Y satisfying

Xij — Xz

b N

X X 2y

J J

then there exists a unique g: X — Y such that

Y,

Y
1s commutative.

Proof. Let X = [I; X;/ ~, where v € X; ~y € X; & y = f;;x. This makes a
topological space X with open subsets X; C X. We have a sheaf Ox; on each X,
and we glue them to get Ox. [

Example 1.4.16. Consider A} = Spec(k[x1,...,z,]),n > 1 and the origin O =
V(zy,...,x,). Let Xo = X7 = A}, Xo1 = X0 = AP\{O}. We then glue them by

Xo1 X 10 - The resulting scheme X is called the affine n-space with doubled
origin. We have

Ox(X) = Eq( O(X,) x O(X1) —— O(XyN X)) ) — ke, @),

Since the two morphisms f;: A} = X; — X, ¢ = 0,1 induce the same ring homo-
morphism on global sections, the map

D HomSch (AZ, X) — HomRing(OX(X)a OAZ (AZ»

is not an injection. This shows that X is not affine.
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Example 1.4.17. Let Xy = X; = A}, Xy = Xjp = AN\{O}. Write Xy =
Spec(k[z, z71]), X109 = Spec(k[y,y!]). Gluing them by z — y~!, we get the projec-
tive line PL over k.

Example 1.4.18. More generally, let A be aring, X; = Spec(A[T; Ty, ..., T, 'T,]) ~
A%, Let X;; = D(T; 'T;) C X;. Then

Xij = Spec(A[T; Ty, T; ' Ti]i—o) = Spec(A[T; Ty, T, ' Th]7_) = Xji.

Gluing them by the identity morphisms, we get X = P}, the projective n-space over
A. Tt can be shown from the construction that Ox(X) = N; A[T; Ty, ..., T, 'T,] =
A. For A# 0 and n > 1, P is not affine.

Proposition 1.4.19. Let X be a scheme, Y = Spec(A) an affine scheme. Then the
map Homge,(X,Y) — Homping (Oy (Y), Ox (X)) sending f to fi is a bijection.

Proof. Let X = U, U;, U; open affine. Then by gluing morphisms of schemes, we
have

Homgen (X, Y) = Eq ( [1; Homgan (U3, Y) — [1,; Homsay(U; 1 U, Y) )

Write U; N U; = Uy Usji, with Uy, open affine, then

Homga (X, Y) = EQ< [1; Homge, (U, Y) —— Tl;j% Homsen (Uiji, V) )

but for X affine, we have Homgg, (X, Y) = Hompging (Oy (Y), Ox(X)). Therefore the
above equalizer diagram is isomorphism to

Eq< [1; Hompging (Oy (Y), Ox (U;)) —= 11, Homgen (Oy (Y), Ox (Uiji)) )
Since
Ox(X) —— II; Ox(Ui) —= ILijx, Ox(Uijr)

is an equalizer diagram by the sheaf condition, we get the desired equalizer diagram
by applying Homging (Oy (Y), —). O

Remark 1.4.20. We have

Sch TL Ring°? I' 4 Spec,
pec

where I is the functor sending X to Ox(X). It follows that Spec transforms colimits
in Ring to limits in Sch. Moreover, Spec is fully faithful and equivalently I"o Spec =
id.

Example 1.4.21. (1) Since Z is initial in Ring, Spec(Z) is the final object of Sch.

(2) Pushouts in Ring are given by tensor product. Hence Spec(B ®4 C) =
Spec(B) Xgpec(a) Spec(C).
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Example 1.4.22.

Homge, (X, Spec(Z[T])) = Homping(Z[T],0x(X)) = Ox(X)

[ L(f) LNH(T)

Recall the Yoneda embedding. Let C be a locally small category. For ev-
ery object X, consider the functor hx = Home(—, X): C°® — Set. The Yoneda
embedding is the functor

h: C — Fun(C, Set), X +— hy,

which is fully faithful.
In the case of Ring®” and Sch, we have functors

Spec

Ring®? Sch

| |

Fun(Ring, Set) £opee Fun(Sch®?, Set)

The diagram commutes up to isomorphism by the full faithfulness of Spec. The
functor o Spec is not fully faithful. However, by gluing morphisms of schemes one
obtains the following.

Proposition 1.4.23. The functor

Sch — Fun(Ring, Set)
Y +—— (B +— Homgu (Spec(B),Y))

is fully faithful.
Proof. Let X and Y be schemes. Denote the functor
B — Homg, (Spec(B), X)

by Fx. We construct an inverse of the map f +— F as follows. Let ¢ be a natural
transformation from Fx to Fy. Cover X by open affine subsets {U;} and cover

Ui NU; by open affine subsets U;;;. Then by Remark [1.4.14]
ije Ui —=3 1L, Ui —— X

is a coequalizer diagram. Apply ¢ we get a corresponding diagram involving Y and
a unique morphism f making the diagram commutative:

e Ui — = 1LU; — X

N

Y

One then checks that ¢ +— f is the desired inverse. m
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Remark 1.4.24. The proposition implies that a morphism of schemes f: X — Y is
an isomorphism if and only if for every ring B, Homg, (Spec(B), X)) — Homg, (Spec(B),Y)
is an isomorphism.

We sometimes regard Sch via these fully faithful functors as subcategories of
Fun(Ring, Set) or Fun(Sch®”, Set).

Definition 1.4.25. Let S be a scheme. The category Sch/S of S-schemes or schemes
over S is defined as follows. An object of Sch/S is a scheme X equipped with a
morphism of schemes f: X — S. A morphism from (X, f: X — 5) to (Y,¢9: Y —
S) is a morphism of schemes h: X — Y such that

X h Y
f
N
S

is commutative.

For two S-schemes T' — S and X — S, the set of T-points of X is defined by
X(T) = Homgen/s(T, X). For T' = Spec(A), we write X(A) := X (Spec(A4)) and we
refer to Spec(A)-points as A-points.

Example 1.4.26. Let A" = Spec(A[zy,...,x,]) and let a: A, — Spec(A) be the
canonical morphism. In Sch/A := Sch/Spec(A), an A-point of A’} is a morphism
s: Spec(A) — A" that makes

Spec(A) ! A7

Spec(A)

commutative, namely a section of a. This corresponds to an A-algebra homomor-
phism ¢: Alzy,...,x,] = A, which is uniquely determined by (¢(z1),...,¢(x,)) €
A™. Thus the set A’ (A) can be identified with A™.

1.5 Topology of schemes

Lemma 1.5.1. Let X be a scheme. Then Ox(X) =0 if and only if X = ().

Proof. Let X be a scheme such that Ox(X) = 0. Take U open affine subset, since
Ox(X) — Ox(U) is a ring homomorphism, it sends 1 = 0 to 1, hence Ox(U) = 0
and U = Spec(0) = 0. O

Definition 1.5.2. Let X be a scheme, f € Ox(X). Define X; = {zx € X | f, €
OX .}

Example 1.5.3. (Spec(A)); = D(f). If U = Spec(A) C X is an open affine, then
XyNU = D(f|v). It follows that X; C X is open.
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Remark 1.5.4. It is easy to see that X; N X, = X;,, Xs1y € XU X, Xo = 0,
and Xy = X for f € O(X)*.

Proposition 1.5.5. For any scheme X, we have a bijection
{Open and closed subsets of X} = {idempotent elements in Ox(X)}.

Proof. Let U be open and closed. Then X = ULIU¢, where U¢ is the complement of
U. Let ey € Ox(X) such that ey|y = 1 and ey|ye = 0. Then ey is an idempotent
element.

Let e € Ox(X) be an idempotent element and consider X, and X;_.. By the
remark preceding the proposition, X = X, II X;_.. Thus X, is open and closed.

It is clear that X., = U. Moreover, let s = ex,. The only idempotents in a local
ring are 0 and 1. It follows that the germs of s and e agree at every point. This
implies s = e. O

We say that a scheme is connected if its underlying topological space is connected.

Corollary 1.5.6. A scheme X is connected if and only if the only idempotents of
Ox(X) are 0, 1.

Definition 1.5.7. A topological space X is called irreducible if it is nonempty
and if X = F} U F, with Fi, Fy closed implies X = I} or X = Fj.

Remark 1.5.8. e Irreducible = connected.

e A Hausdorff space cannot be irreducible unless X is a point.
Lemma 1.5.9. Let X be a topological space, Y C X.

(1) Y is irreducible if and only if Y is nonempty and whenever Y C Fy U Fy, for
closed subsets F', Fy in X, we have Y C Fy orY C Fj.

(2) Y is irreducible if and only if Y is irreducible.

Lemma 1.5.10. Let X be a nonempty topological space. Then X 1is irreducible
if and only if every non-empty open subset U is dense in X. In that case, U is
irreducible as well.

Example 1.5.11. Let X = Spec(k[z,y]),Y = V(zy). Then Y is not irreducible
since Y =V (z) UV (y).

Definition 1.5.12. Let X be a topological space. If X = {n}, then we call 1 a
generic point of X.

If X has a generic point, then X is irreducible.

Lemma 1.5.13. Let A be a ring, I C A an ideal. Then V(1) is irreducible if and
only if VI =p is a prime ideal. In that case, p is the only generic point of V(I).

Proof. Up to replacing A by A/+/I we may assume that I = 0 and is radical. Then
Spec(A) is irreducible if and only if whenever D(f), D(g) # (), we have D(f)ND(g) =
D(fg) # 0 if and only if whenever f, g # 0, we have fg # 0. Moreover, if p = (0) is
a prime, then {p} = V(p) = Spec(A), so that p is the generic point. O
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Definition 1.5.14. Let X be a topological space. We say that X is sober if every
irreducible subset has a generic point. We say that X is a T space (or Kolmogorov
space) if for all x # y € X, there exists either an open neighborhood U of z such
that y ¢ U or an open neighborhood V' of y such that = ¢ V.

Consider the map

F: X — {irreducible closed subsets of X}
z > {z}

Observe that X is Tj if and only if F' is injective, and X is sober if and only if F' is
bijective. Thus we have sober = Tj.

Proposition 1.5.15. The underlying topological space of every scheme is sober.
This follows from Lemma [1.5.13 and the following.

Lemma 1.5.16. Any locally closed subspace of a sober space is sober. A topological
space admitting an open cover by sober spaces is sober.

Proof. Exercise. O

Definition 1.5.17. Let X be a scheme. We say that X is irreducible if its un-
derlying topological space is irreducible. We say that X is reduced reduced if for
every open subset U, Ox(U) is reduced. (Recall that a ring A is called reduced

if /(0) = (0)). We say that X is integral if X # () and for every nonempty open
subset U, Ox(U) is an integral domain.

Proposition 1.5.18. Let X be a scheme, then
(1) X is reduced if and only if Vo € X, Ox , is reduced.
(2) X is integral if and only if X is irreducible and reduced.

Proof. (1) = since localization preserves reduced.

< Let s € Ox(U) and s™ = 0. For all z € U, since Ox, is reduced, we have
s, = 0. It follows that s = 0.

(2) = X is easily seen to be reduced. Suppose Uy, Us # () and Uy N Uy = (). Then
Ox (U UU) ~ Ox(Uy) x Ox(Us) is not a domain.
< Tt suffices to show that Ox(X) is integral. Suppose f,g € Ox(X), fg = 0.
Then X; N X, =0, and hence X; =0 or X, = 0. Say Xy = (). Then for each
open affine subset V' = Spec(A), VN Xy = D(f|y) = 0. This implies that f|y

is nilpotent. Since V' is arbitrary, f must be 0.
O

Warning 1.5.19. It is not true in general without assuming X quasi-compact that
a global section of Oy is nilpotent if and only if every germ of it is nilpotent.

Example 1.5.20. (1) Spec(A) is reduced if and only if A is reduced.
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(2) Spec(A) is irreducible if and only if /0 is a prime ideal.
(3) Spec(A) is integral if and only if A is integral.
Definition 1.5.21. A spectral space is a sober, quasi-compact space such that
(1) quasi-compact opens form a basis.
(2) Finite intersections of quasi-compact opens are quasi-compact.

A continuous map between spectral spaces f: X — Y is called spectral if VV
quasi-compact open of Y, f~}(V) is quasi-compact.
We denote by Sp the category of spectral spaces and spectral maps.

Theorem 1.5.22 (Hochster). The essential image of the functor Spec: Ring — Top
s Sp.
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Lemma 1.5.23. Let X be an integral scheme with a generic point n. Then
(1) Ox,, is a field called the function field of X.
(2) For U C X open, the natural map Ox(U) — Ox,, is injective.

Proof. To see that Ox, is a field, we may take an arbitrary nonempty open affine
subset U = Spec(A) and observe that Oy, = A is the fraction field of A.

For the second statement, we may replace U by an nonempty open affine subset
and reduce to the case where U = Spec(A) is affine. In this case Ox(U) = A —
Frac(A) = Oy, is injective. O

Corollary 1.5.24. For X integral and open subsets ) £ U C V C X, the restriction
map O(V) — O(U) is injective.

Recall that every topological space X is the disjoint union of connected compo-
nents. Each connected component is closed but not necessarily open.

Definition 1.5.25. Let X be a topological space, an irreducible component of
X is a maximal irreducible subset of X.

An irreducible component is necessarily closed. By Zorn’s Lemma, every irre-
ducible subset is contained in some irreducible component. Since every point is
irreducible, every topological space X is the union of its irreducible components.

Lemma 1.5.26. Let X = U, Y, be a finite union of irreducible closed subsets.
Then the irreducible components of X are the mazimal elements of the family {Y;}1 ;.
In particular, if there are no inclusions among the Y;’s, then the irreducible compo-

nents of X are {Y;},.
Proof. Indeed, every irreducible subset of X is contained in some Y;. O]

Example 1.5.27. For A = k[z,y]/(zy), Spec(A) = V(z) UV (y). The irreducible
components of Spec(A) are V(x) and V(y).

Example 1.5.28. Let S be a profinite set and k a field. Consider the constant
sheaf kg on S and A = kg(S) = {f: S — k locally constant}. It is easy to see
that Spec(A) = (S, ks). Thus, for S an infinite profinite set (e.g. the Cantor set),
Spec(A) has infinitely many irreducible components.

In the case k = Fy, kg can be identified with the Boolean algebra of open closed
subsets of S.

Definition 1.5.29. Let X be a topological space, z,y € X. We say that = spe-
cializes to y or y generizes to x and we write z ~ y, if y € {x}.

~ Let X be a Ty space. Generization defines a partial order: © <y <= x €
{y} —= {z} S {y}

e The minimal points are the closed points.
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e If X is sober, then the maximal points are the generic points of irreducible
components.

Example 1.5.30. In Spec(A), {z,} = V(p). Here x, € Spec(A) denotes the point
corresponding to the prime ideal p. We have

pCae {2 {r}
& Ty v Ty
Thus we have a bijection

{irreducible components of Spec(A)} <— {minimal primes of A}
Vip) < p.

Warning 1.5.31. Schwede gave an example of a scheme without a closed point.
The underlying topological space looks like zy ~~ x1 ~~ .... Note that an affine
scheme must have closed points which correspond to maximal ideals.

Noetherian Spaces

Definition 1.5.32. A topological space X is called Noetherian if its closed subsets
satisfy the descending chain condition, i.e. if Y; D Y5 D ... is a descending chain
of closed subsets, there exists N such that Yy = Yni1 = .... Equivalently, any
nonempty family of closed subsets admits a minimal element.

Example 1.5.33. If A is a Noetherian ring, then Spec(A) is Noetherian space.

Warning 1.5.34. If Spec(A) is a Noetherian space, A may not be a Noetherian ring.
Let A = U, k[[z'/"]] be a union of rings of formal power series. Then Spec(A) =
{n, s} is a Noetherian space. Here 1 corresponds to the 0 ideal and s corresponds
to the ideal generated by 2!/ n € N. The ring A is not Noetherian.

Lemma 1.5.35. Let X be a topological space. The following are equivalent:
(1) X is Noetherian.
(2) Every open subset of X is quasi-compact.
(3) Every subset of X is quasi-compact.

Proof. (3) = (2) is obvious.

For (2) = (1), note that the union U of an ascending chain of open subsets
Uy C Uy C ... is open, hence is quasi-compact by assumption (2).

For (1) = (3), let Y C X be a subset and Z; O Z; O ... be a descending chain
of closed subsets in Y. Then Z;NY = Z; where Z; is the closure in X, and Z; forms
a descending chain of closed subsets in X. O

Corollary 1.5.36. If X is Noetherian, Y C X with subspace topology. Then Y is
Noetherian.

Corollary 1.5.37. X is Noetherian and sober = X is a spectral space.
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Lemma 1.5.38. X is Noetherian = X has only finitely many irreducible compo-
nents.

Proof. Consider F = {Y C X | Y is not a finite union of irreducible closed subsets}.
If it is not empty, we can find a minimal element Y by Noetherian hypothesis. Y
cannot be irreducible, hence Y = Y; U Y, with Y;,Y5 proper closed subset. But
at least one of Y7, Y, must be in F, hence there exists a smaller one, say Y; € F,
violating the minimal property of Y. O]

Definition 1.5.39. Let X be a scheme.
e X is quasi-compact if its underlying space sp(X) is quasi-compact.

e X is locally Noetherian if X can be covered by open affine subsets U; =
Spec(A4;) with A; Noetherian rings.

e X is Noetherian if X is quasi-compact and locally Noetherian.

Proposition 1.5.40. Let X be a locally Noetherian scheme and U = Spec(A) is
an open affine subset. Then A is a Noetherian ring. In particular, a ring A is
Noetherian if and only if Spec(A) is a Noetherian scheme.

Definition 1.5.41. Let P be a collection of rings. We say that P is local if it
satisfies the following properties:

(1) A € P implies for any f € A, Ay € P.

(2) If there are f; € A,1 < ¢ < n such that Spec(A) = UL, D(f;) and Ay, € P,
then A € P.

Lemma 1.5.42. Let P be a local collection of rings, and X a scheme with an open
affine cover {U;}icr with U; = Spec(A;), where each A; € P. Then for every open
affine subset U = Spec(A), we have A € P.

The proof relies on the following technical result.

Lemma 1.5.43. Let X be a scheme and U = Spec(A),V = Spec(B) open affine
subsets. Then U NV can be written as a union of open affine subsets which are
principal open subsets of both U and V.

Proof. For x € U NV, choose a principal open subset W of U that covers x and is
contained in V. Up to replacing U by W, we may assume U C V. Choose f € B
such that V; = Spec(By) € U. We observe that V; = Uy = Spec(4y) is also a

principal open subset of U. Here f = f U O

Proof of Lemma[1.5.44 Let U = Spec(A) be an open affine subset. Then U =
U;(U NU;). By the previous lemma, U N U; can be covered by open affine subsets
Ui; which are both principal in U and U;. By hypothesis 1 of P, each Uj; is the
spectrum of a ring in P. Since U is quasi-compact, we may choose finitely many of
them and apply hypothesis 2 in the definition. n
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Proof of Proposition[1.5.40. Tt remains to show that P = {Noetherian rings} is a
local collection. The first condition is easy to verify. For the second one, let f; € A,
1 < i < n, satisfying Spec(A4) = U; D(f;) with each Ay, Noetherian. We will show
that every ideal I C A is finitely generated. For each 4, the ideal Ay, C Ay, is
finitely generated. Let {a;;}72; be a family of generators of Ay, in I. Then {a;};;
generates I. Indeed, if ¢: A™ T+ — [ denotes the homomorphism of A-modules
given by {a;;}:;, then ¢y is a surjection for every i, which implies that ¢ is a
surjection. O

Remark 1.5.44. If X is a Noetherian scheme, then its underlying space sp(X) is
Noetherian.

Warning 1.5.45. There exists a Noetherian space which is not the underlying space
of any Noetherian scheme.

In fact, it follows from Krull’s principal ideal theorem that a Noetherian scheme
of dimension > 2 (see below for the definition of dimension) must have infinitely
many points. Thus spaces such as X = {x ~» y ~» z} cannot be the underlying
space of a Noetherian scheme.

Warning 1.5.46. For a Noetherian scheme X, Ox(X) is not a Noetherian ring in
general. Consider the projective space P} over a field &, with homogeneous coordi-
nates [zo : @1 : T9 : x3]. Let D = V(x0) and E = V(z;) be distinct planes of P} and
let | =V (xg,22) # DN E be a projective line on D. Let Y = DU E and X = Y'\[.
Then X is a Noetherian scheme. We have X = (D\l) U (E\O), where O = EN1.
We have Ox(D\l) = k[z,y], where x = £ and y = 2, and Ox(E\O) = k. The
restriction map Ox(D\l) — Ox((D\l)N E) is given by substituting = 0. One can
deduce that Ox(X) = k + xk[z,y] C k[x,y]. This is not a Noetherian ring: there is
an ascending chain of ideals (z) C (z,zy) C (z,zy, ry?) C

Dimension

Definition 1.5.47. Let X be a topological space. The dimension of X, denoted
by dim X, is define to be

sup{n | Yy C Y7 C --- C Y, such that Y; are irreducible closed}

Let Y C X be an irreducible closed subset. The codimension codim(Y, X) of Y is
defined to be

sup{n | Y =Yy C Y] C --- C Y, such that ¥; are irreducible closed}

If Y is an arbitrary closed subset, we define its codimension as
inf{codim(Y’, X) | Y' C Y irreducible and closed}
Example 1.5.48. dim () = —o0, codim(), X') =

Lemma 1.5.49. Let X be a topological space.
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e dim X =sup{dim X; | X; C X are irreducible components}

o [fZCX,dimZ <dimX.

o If{U;} is an open cover of X, then dim X = sup,(dim U;).

If X is a sober space,

dim X = sup{n | Iz, ~ x,_1 ~ -+ ~ g with all z; distinct}

codim({z}, X) = sup{n | Iz, ~ 2,1 ~ -+ ~ 79 =  with all z; distinct}
Example 1.5.50. Let X = Spec(A).

o dim(X) = dim(A) = sup{n | Ipo S p1 S+~ C pu}.

e For a prime ideal p, codim(V (p), X) = ht(p) =sup{n |Ip=po 2 p1 2 ---
pnt

Theorem 1.5.51. Let A be a Noetherian ring.

U

e For every prime ideal p, ht(p) < oco.
o If A is local, then dim A < oo.

Warning 1.5.52. A Noetherian ring may have dimension co (Nagata).

1.6 Morphisms and base change

In this section, we talk about properties between morphisms of schemes.
Definition 1.6.1. Let : Y — X be a morphism of schemes.

e f is called locally of finite type if X = J; U; with each U; = Spec(A;) open
affine subset and for each i f~'(U;) = U; Vi; with each Vj; = Spec(B;;) open
affine subset such that B;; is a finitely generated A;-algebra.

e f is called quasi-compact if X = |J; U; with each U; open affine such that
f7YT;) is quasi-compact.

e f is of finite type if f is locally of finite type and quasi-compact.

e fis called affine if X = |J; U; with each U; = Spec(A;) open affine subset such
that f~1(U;) is also affine.

e f is called finite if X = (J; U; with each U; = Spec(A4;) open affine and for
each 1 f~1(U;) = Spec(B;) such that B is a finite A;-algebra. (Recall that an
A-algebra B is finite if B is finitely generated as an A-module.)

Remark 1.6.2. In the definition above, the existence of an open affine cover can
be replaced by “for every open affine cover”.
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We clearly have the following implications:

finite quasi-compact

\/’

of finite type == locally of finite type

Example 1.6.3. Let A be a DVR with fractional field K and residue field k. Then
the natural morphisms Spec(k) — Spec(A) is finite but Spec(K) — Spec(A) is of
finite type. Note that if 7 is a uniformizer of A, then K = A[x~!].

Example 1.6.4. Spec(Q) — Spec(Z) is not locally of finite type.

Example 1.6.5. Let A be a ring. Then A’} — Spec(A) and P’} — Spec(A) are
both of finite type.

Definition 1.6.6. Let k be a field.

e An affine k-variety is an integral scheme equipped with an affine morphism
of finite type to Spec(k).

e A k-variety is an integral scheme equipped with a separated morphism of
finite type to Spec(k).

It is clear that we have an equivalence of categories

{affine k-varieties} = {finitely generated k-algebras that are domains}°P.
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We first supplement some results on dimension:

Fact 1.6.7. Let A be a Noetherian ring.
o dim Alx] =dim A+ 1 (JAM] Exercise 11.7], [M2, Theorem 15.4] ).

o If A is a finitely generated k-algebra which is also a domain, then dim A =
tr.deg(Frac(A)/k) [M2, Theorem 5.6].

o Krull’s principal ideal theorem: Let f € A. Then for each minimal prime p
containing f, ht(p) < 1 [AM] Corollary 11.16]. Moreover, for A # 0, ht(f) =0
if and only if f is a zero divisor |AM|, Proposition 4.7].

Repeatedly applying Krull’s principal ideal theorem, we get that for each mini-
mal prime p containing (fi, ..., fr), ht(p) < r. In particular, ht(fy, ..., f.) < 7.

Lemma 1.6.8. Let X be a topological space and Y C X a closed subset. Then
dim X > dimY + codim(Y, X).

Proof. Take Z C'Y irreducible closed. By definition,
dim X > dim Z + codim(Z, X) > dim Z + codim(Y, X).
We conclude by taking supremum over Z C Y. O]

Example 1.6.9. Let A be a DVR and let m = (7) be the maximal ideal. Con-
sider the ideal p = (7x — 1) in B = A[z]. This is a maximal ideal, since B/p =
All/n] = Frac(A). From Fact 1.6.7 dimB = dimA + 1 = 2 and ht(p) = 1,
hence ht(p) + dim B/p < dim B. In geometric form, we have dim Spec(B) >
dim{p} + codim({p}, Spec(B)).

Definition 1.6.10. Let X be a topological space.

e We call X equidimensional if all irreducible components have the same di-
mension.

e Assume that X is Ty. We call X equicodimensional if all closed points have
the same codimension.

Example 1.6.11. Suppose dim X = dimY + codim(Y, X) holds for all Y C X
closed.

e Take Y to be an irreducible component of X. Then codim(Y, X) = 0, hence
dimY = dim X. Thus X is equidimensional.

e Assume that X is Tg. Take Y = {z} to be a closed point. Then dim{z} = 0,
hence codim({z}, X) = dim X. Thus X is equicodimensional.

The example B = A[z]| in Example is not equicodimensional.
By contrast, we have the following result.
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Theorem 1.6.12. Let S = Spec(k), k a field or let S be an integral Noetherian
scheme of dimension 1 which has infinitely many points. For any equidimensional
scheme X equipped with a finite type morphism X — S, the equality dim X =
dimY + codim(Y, X) holds for every closed subset Y C X. In particular, X is
equicodimensional.

For a proof, see |G}, IV 10.6.1].
Definition 1.6.13. Let ¢: A — B be a ring homomorphism.
e We call B a finite A-algebra if B is a finitely generated A-module.

e We call B an integral A-algebra if Va € B, ¢(A)[z] is a finitely generated
A-module.

We have B is a finite A-algebra < B is finitely generated and integral.

Definition 1.6.14. Let f: Y — X be a morphism of schemes. We say that f is
integral if there exists an cover X = |JU; with U; = Spec(4;) affine open such that
[~YU;) = Spec(B;) and B; integral over A;.

For f: Y — X, we have f finite < f integral and locally of finite type.
Theorem 1.6.15. An integral morphism is a closed map.

Proof. Let f: Y — X be integral. Since a subset is closed if and only if its inter-
section with every member of an open cover is closed, we may assume X = Spec(A)
is affine. In this case Y = Spec(B) is affine as well and f is induced by ¢: A — B.
Let J C B be an ideal, V(J) C Spec(B) a closed subset. Let I = ¢~!(.J). We have
AJ/I — B/J is integral as well. From the fact that every prime ideal in A/ is a
contracted ideal [AM| Theorem 5.10] (which implies the going-up theorem), we have
f(V(J)) =V(I). Therefore, f is closed. O

Fiber Products

Recall a fiber product of a diagram X % S & Sisan object X xgY equipped with
two morphisms p, ¢ indicated below, which satisfies the following universal property:
For any object Z equipped with two morphisms f, g such that af = bg, there exists
a unique morphism h such that ph = f, gh = g¢.

/

/\X
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Proposition 1.6.16. Fiber products exist in the category of schemes.
Proof. Let a: X — S and b: Y — S be given.

Case 1: S = Spec(A), X = Spec(B), Y = Spec(C) are all affine.

Define X xgY = Spec(B ®4 C). For any scheme Z, we have Hom(Z, X) ~
Hom(B, OZz(Z)) and similarly for Y and S. The universal property for X xgY
translates into the universal property of B ® 4 C' in the category of rings.

Case 2: X =X, with X; C X open such that X; xg Y exists.

For any U C X;, U xg Y exists and can be identified with the inverse image
of U along X; xgY — X;, as shown in the diagram with Cartesian squares

UXSY%XXSY%Y

| | |

U X S

Let X;; = X; N X;. Then X;; X5 Y exists and we can glue X; xg Y along
Xij xgY and get X xgVY.

Case 3: S and Y are affine and X is general.
Cover X by affine open subsets and apply Cases 1 and 2.

Case 4: S affine and X,Y general.
Cover X by affine open subsets and apply Cases 2 and 3 (with X and Y
swapped).

Case 5: The general case.

Let S = US; be an affine open cover. Let X; = a=1(S;), Y; = b=1(S;). Then
X; Xg, Y; exists by Case 4. But we have X, xg, V; = X; X5 Y as shown in the
diagram below

Xixgs Y Y; Y
| [
X Si S

Thus we can glue them to get X xg Y.

]

Warning 1.6.17. The natural map sp(X xsY) — sp(X) xsps)sp(Y) is not injective
in general.

Definition 1.6.18. Let f: X — S be a morphism of schemes and let s € S. Define
the fiber X of f at s

Xs =X xgSpec(k(s)) — X

l /

Spec(k(s)) ——— S
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Proposition 1.6.19. The map X, — f~(s) is a homeomorphism.

Proof. Without loss of generality, we may assume S = Spec(A4), X = Spec(B),
and f is induced by ¢: A — B. Let s € S be defined by the prime ideal p. We
have k(s) = k(p) = A,/pA,. Hence X, = Spec(B ®4 (A,/pA,)) = Spec(B,/pBy).
Elements of Spec(B,/pB,) correspond bijectively to primes of q of B such that
q 2 ¢(p) and q does not intersect ¢(A\p). This is equivalent to ¢~'(q) = p. Thus
the map g: X5 — f~'(s) is a bijection. Since Spec(B,/pB,) — Spec(B,) — Spec(B)
are successive embeddings and f~!(s) is endowed with the subspace topology, g is
a homeomorphism. O

We may view a morphism f: X — S as a family of fibers X parameterized by
seS.

Example 1.6.20. Consider f: X = Spec(k[t,y,z]/(zy—t)) — S = Spec(k[t]). The
fiber at a rational point ¢t = a of S is Spec(k[z,y]/(zy — a)). For a # 0, the fiber is
a hyperbola isomorphism to Spec(k[z, z7!]). For a = 0, the fiber is the union of the
coordinate axes of the affine plane and, in particular, is not irreducible.

Definition 1.6.21. Let P be a class of morphisms. We call P stable under base
change if for every f: X — S in P and every morphism Y — S, the base change
fxXsY: X xgY — Y belongs to P.

Example 1.6.22. The following classes of morphisms are stable under base change

e locally of finite type
e quasi-compact

e affine

integral

of finite type

e finite
Lemma 1.6.23. Surjective morphisms are stable under base change.

Proof. Let f: X — S be a surjective morphism and S’ — S a morphism. Let
=S xg 5. Take s’ € S'. We need to show that the fiber X/, # (.

/

X

Spec — 9 lfl

\ /

Spec(r(s))

Since f is surjective, X, # (). We are thus reduced to showing that for any k-scheme
X # 0 and any field extension &’/k, we have X ®j k' := X Xgpeo(r) Spec(k’) # 0.
We may assume X = Spec(A) is affine. In this case it suffices to observe that
ARy k' #0. m
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Warning 1.6.24. Injectivity and bijectivity are not stable under base change. For
example, Spec(C) — Spec(R) is bijective. After base change to C, we have C®rC =
C ®r (Rlz]/(2* +1)) = C[z]/(z*> + 1) = C x C, which has two prime ideals. Thus
Spec(C ®g C) — Spec(C) is not injective or bijective.

Warning 1.6.25. Closed morphisms are not stable under base change. For example,
A} — Spec(k) is closed but A? = A} x; Al — A} is not closed, since the image of
V(xy — 1) is the open subset AL\{0}, which is not closed.

Definition 1.6.26. Let f be a morphism of schemes.

e f is called universally closed if every base change of f is a closed mapping.

e f is called a universal homeomorphism if every base change of f is a
homeomorphism.

e f is called universally injective or radiciel if every base change of f is
injective.

Example 1.6.27. An integral morphism is universally closed.

Proposition 1.6.28. Let f: X — Y be a morphism of schemes. The following are
equivalent

(a) f is radiciel.
(b) f is injective and Vx € X, k(x)/k(f(z)) is purely inseparable.
(c) Forevery field K, f(K): X(K) — Y (K) is injective, where X (K) = Homg,(Spec(K), X).

Note that X (K) can be identified with the set of pairs (x,¢), where z € X and
t: k(x) — K is a field embedding.

Proof. (a) = (c). Let t1,ty € X(K) such that f(K)(t;) = f(K)(t2). Consider the
Cartesian square in the following diagram

X xy Spec(K) —— X

b =]

Spec(K) —— Y

Each t; corresponds to a section s; of f’ by the universal property of fiber product.
f' is injective, the image of s; coincides with the image of s,. For any morphism
g: Z — Spec(K), sections s of g are uniquely determined by the image of s. Thus
S1 = So and hence tl = tQ.

(c) = (a). Forany Y’ — Y, if we write X’ = X xyY”, then X'(K) = X(K)xy (k)
Y'(K), which injects into Y'(K).

Spec(K) X' X

\ Jf/ /

Y —— Y
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Therefore, it suffices to prove that f is injective itself. Let z,2’ € X such that

f(x) = f(2') = y. There exists a field K and field embeddings x(z) = K a k(z')
making
@
\ /

K(y)
commutative. This defines (z,¢), (2, /) € X (K) satistying f(K)(z,t) = f(K)(a, ).
Hence (z,t) = (2',/') and in particular z = 2.

For the equivalence (b) < (c), recall that, in the category of fields, k — £’ is an
epimorphism if and only if &’'/k is purely inseparable.

(¢) = (b). We have already proven that f is injective. It suffices to show
that ¢: k(f(x)) — k(z) is an epimorphism of fields. Let ¢,/ : k(x) — K be field
embeddings satisfying t¢ = ¢/¢. Then f(K)(z,t) = f(K)(z,/). Hence (z,1) =
(z,!), namely ¢ = /.

(b) = (c). This is similar to the last step. Let (z,¢), (2/,¢) € X(K) such that
f(K)(z,0) = f(K)(«',/). In other words, f(x) = f(2/) and 1 = /¢. Since f is
injective, we have x = /. Since ¢ is an epimorphism of fields, we have ¢ = ¢'. m

Remark 1.6.29. We have integral + surjective + radiciel = universal homeomor-
phism. The converse also holds by a result of Deligne |G, IV 18.12.11].

Example 1.6.30. Let £'/k be a purely inseparable field extension. Then Spec(k) —
Spec(k’) is integral, surjective, radiciel, and hence a universal homeomorphism.

Definition 1.6.31. Let P be a class of morphisms. We say P is stable under
composition if whenever X 1y % 7 with f,9 € P, we have gf € P.

Example 1.6.32. The classes in Example [1.6.22] are stable under composition.

f

Lemma 1.6.33. Let X vy 2 7.
(1) If gf is locally of finite type, then so is f.
(2) If gf is quasi-compact and f is surjective, then g is quasi-compact.

Proof. The first statement boils down to the following property of rings: if the

composition A . B Y O is of finite type, then so is 1.
For the second statement, let V' be a quasi-compact open subset of Z. Then
(gf)~Y(V) is quasi-compact and g~ (V) = f((gf)~*(V)) is quasi-compact. O
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We first continue our discussion about topology.
Let f: X — Y be a continuous map. For z,2’ € X and = ~» 2/, we have

f(z) ~ f(2'). Indeed, for every closed subset F' of Y containing f(x), we have
f~YF) > z and consequently f~1(F) > a2’ and F > f(2).

Definition 1.6.34. Let f: X — Y be a continuous map.

e f is called specilizing if Vy ~ ¢/ € Y, Vz € f~!(y), 32’ € f~'(¢/) such that
x>l

e f is called generizing if Vy ~ ¢/ € Y, V2’ € f~(y/), 3z € f~1(y) such that
x>l

Example 1.6.35. f closed = f specializing. This is easily deduced from f({z}) D
{f(x)}.

Let X be a scheme. Then Spec(Ox ;) maps homeomorphically onto the subspace
{2/ € X | 2’ ~ x} of X. To see this, we may assume that X = Spec(A) is affine.
Let x correspond to a prime ideal p. Then

{a € X |2 =2} = {q € Spec(A) | 4 C p} = Spec(4,).
From this, we deduce:

Lemma 1.6.36. A morphism of schemes f: X — Y 1is generizing if and only if
Vo € X, Spec(Ox,,) — Spec(Oy,s(z)) is surjective.

Definition 1.6.37. A morphism of schemes f: X — Y is called flat if Vo € X,
i Oy, t@) — Ox, is flat.

Recall that a ring homomorphism ¢: A — B is flat < Vq € Spec(B), Ag-1(q) —
B, is flat.
Flat morphisms are stable under composition and base change.

Lemma 1.6.38. Every flat local homomorphism ¢: A — B of local rings is faithfully
flat. In other words, ¢ induces a surjective map Spec(¢): Spec(B) — Spec(A).

Proof. This follows from the fact that a flat homomorphism of rings A — B is
faithfully flat if and only if for every maximal ideal m of A, we have mB C B
(IAM, Exercise 3.16], [M2, Theorem 7.2]). O

Corollary 1.6.39. Every flat morphism of schemes is generizing.
Remark 1.6.40. Let f: X — Y be a morphism of schemes.

(1) If f is generizing, then every maximal point of X lies above a maximal point
of Y.
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(2) Assume that Y is irreducible with generic point 7. We have an injective map

IrrComp(X,,) — IrrComp(X),
A=A
whose image consists precisely of the irreducible components intersecting X,.
In particular, if f is generizing, then the above map is a bijection.

In particular:

Lemma 1.6.41. Let f: X — Y be a morphism of schemes. Suppose Y is irreducible
with generic point 1. Then

(1) X irreducible = X, irreducible or empty.
(2) If f is generizing, then X irreducible <= X, irreducible.

Consider k'/k a field extension, X/k a k scheme, denote X ®; k = X Xgpec(k)
Spec(k').
Remark 1.6.42. Let £'/k be a field extension.

(1) X ®; k connected = X connected.
(2) X ®y k irreducible = X is irreducible.
(3) X ®j k reduced = X reduced.

(4) X ® k integral = X integral.

(1) and (2) follow from the surjectivity of X ®; k" — X. To see (3), we may assume
X = Spec(A) is affine. Then A — A ®; k" and the latter is assumed to be reduced.
For (4), combine (2) and (3).

Definition 1.6.43. Let X be a scheme over a field k and let k be an algebraic
closure of k.

e X is called geometrically connected if X ®;, k is connected.
e X is called geometrically irreducible if X ®; k is irreducible.
e X is called geometrically reduced if X ®;, k is reduced.

e X is called geometrically integral if X ®j, k is integral.

Remark 1.6.44. If k is separably closed, then

X connected <= X geometrically connected
X irreducible <= X geometrically irreducible

Indeed, in this case k/k is purely inseparable and Spec(k) — Spec(k) is a universal
homeomorphism.
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Proposition 1.6.45. Let X/k be a scheme over a field. The following are equiva-
lent.

(1) For every finite separable extension k' [k, X ®y k" is irreducible.
(2) X is geometrically irreducible.

(8) X is irreducible with generic point n and the separable closure of k in k(n) is
k.

Proof. (2) = (1) is clear, since X ®@; k — X ® k’ is surjective.

(1) = (3). X is clearly irreducible. For every finite separable extension k'/k,
since X ®j k' is irreducible, (X ®j k'), = Spec(x(n) ®; k') is irreducible. Let
a € k(n) be a separable algebraic element over k with minimal polynomial P(x).
Let k' = k(a). Then k(n) @k k' = (k(n) @4 k'[z]/(P(x)) = k(n)[x]/(P(z)). We have
P(z) = (x —a)Q(z) with Q(z) € k(n)[z]. Then k(n)[z]/(P(z)) = k(n)[z]/(z — o) @
k(n)]z]/(Q(zx)), which implies Q(z) = 1 and « € k.

(3) = (2). The projection X ®; k — X is a base change of Spec(k) — Spec(k)
and hence is flat and generizing. Thus X ®k is irreducible if and only if (X @ k), =
Spec(k(n) @i k) is irreducible. Let k5P be a separable closure of k. Since k/k*P is
purely inseparable, it suffices to show that Spec(k(n) ®; k°P) is irreducible. By the
lemma below applied to the Galois extension, k%P /k k(n) ®j k5P is a field. O

Lemma 1.6.46. Let k'/k be a field extension and K/k a Galois extension. Assume
K' N K =k in the composite field k' - K. Then k' @y K is a field.

Proof. Since K is a union of Galois extensions of k, we may assume K/k is a
finite Galois extension of degree d. Consider the surjection ¢: k' @, K — k' - K is
surjective. Note that k'- K/k’ is a Galois extension of Galois group Gal(k'- K/k') ~
Gal(K/K' N K) = Gal(K/k). Thus dimp (k' - K) = d = dimy (k' @ K). It follows
that ¢ is an isomorphism. O

We give some examples which are not geometrically irreducible.

Example 1.6.47. Spec(C) — Spec(R) is not geometrically connected, since we
have shown its base change to C is two points. This can also be seen from criterion
(3), since C/R is a separable algebraic extension.

Example 1.6.48. Let A = R[z,y]/(z* + y*) and X = Spec(A) — Spec(R). Since
r?4y? isirreducible in R[z, y|, X is irreducible. Since 2%+ factors as (z+iy)(z—iy)
in C, the base change of X to C is Clx,y]/(x + iy)(z — iy), which is the union
of two lines intersecting at a point. Thus X is geometrically connected but not
geometrically irreducible.

Let 7 be the generic point of . In k(n) = Frac(A), we have (z/y)*> +1 = 0.
Thus the separable closure of R in k(7)) can be identified with C.

Next, we study geometrically reduced schemes. We start with the case of field
extensions.

Definition 1.6.49. A field extension K/k is said to be separable if Spec(K) is
geometrically reduced over Spec(k).
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Let k be the algebraic closure of k. By definition, K /k is separable if and only
if K ®y k is reduced.

Since K = Uqex k(), K/k is separable if and only if k(«)/k is separable for all
a € K. We have

« transcendental

(o

— |k
k(a) @ k= § - ) o .
klx]/(P(z)) « algebraic with minimal polynomial P(x)

Note that k[z]/(P(x)) is reduced if and only if P(z) is a separable polynomial
(namely, a polynomial with only simple roots in k). We have proved the following.

Lemma 1.6.50. K/k is separable if and only if Va € K, « is either transcendental
over k or separable algebraic over k.

Remark 1.6.51. In particular,
(1) Definition extends the usual notion of separable algebraic extensions.
(2) Any purely transcendental extension is separable.
(3) If k is a perfect field, then any field extension K /k is separable.

Lemma 1.6.52. Let L/K/k be a tower of field extensions.
(1) K/k is separable <= for every finite field extension k'/k, K ® k' is reduced.
(2) L/K and K/k separable = L/k separable.
(3) L/k separable = K[k separable.

Proof. (1) and (3) are trivial.

(2) For any finite field extension k'/k, L ®; k' = L @k (K ®g k). Since K/k is
separable, K ®y k' is a finite direct sum of finite field extensions of K. We conclude
by the assumption that L/K is separable. O

Warning 1.6.53. Unlike the case of separable algebraic extensions, for a tower
L/K/E of field extensions, L/k separable does not imply L/K separable. Here is
an example: L = k(x), K = k(z?), where p = char(k) > 0. Then L/k is separable
but L/K is purely inseparable.

Definition 1.6.54. Let K/k be a separable extension. A separating transcen-
dence basis is a transcendence basis B for K/k such that K/k(B) is separable.

Lemma 1.6.55. Let K = k(x1,...x,)/k be a finitely generated separable extension.
Then K admits a separating transcendence basis contained in {xy,...x,}.

Proof. This is proved in [M2, Theorem 26.2]. Note that the definition there a priori
differs from ours. We give a proof here for completeness.

We may assume char(k) = p > 0. We proceed by induction on n. We may assume
that z1, ..., x, is a transcendence basis. If r = n, we are done. Suppose r < n. Then
x1,..., %41 are algebraically dependent. There exists a nonzero P € k[ X1, ..., X, 1]
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with least degree such that P(zy,...,2,41) = 0. The minimality of the degree
implies that P is irreducible.

Let us prove P ¢ k[XV,...,X?]. Assume otherwise. Then P = QP with
Q € kYP[Xy,. .., X, 1] Write Q = ¥, caX®, where a = (v, ..., a,41) and X =
X X0 Let I = {a | co # 0}. Since (X c,®2%)P =0in k@, K and k®y, K is
reduced, we have 3" c;co ® 2% = 0 in k ®; K. This implies that (z%),¢s is linearly
dependent over k. Thus there exists R € k[Xy,..., X, 1] of degree < deg(Q) <
deg(P) such that R(z1,...,x,41) = 0, a contradiction.

Thus we may assume P ¢ k[XV X5, ..., X,11]. Then x; is separable over
k(za,...,2.41), hence separable over k(xo,...,x,). By assumption k(zo,...,x,)
has a separating transcendence basis B C {zo,...,z,}. Then B is a separating
transcendence basis for K/k. O

Warning 1.6.56. A separating transcendence basis does not exist in general. For
example, for char(k) = p > 0, K = U,y k(z'/?") is a separable extension of k of
transcendence degree 1. However, for any y € K transcendental over k, K/k(y) is
not separable.

Now we come to the general case.
Proposition 1.6.57. Let X/k be a k-scheme. The following are equivalent:
(1) X @y k' is reduced for every finite purely inseparable extension k' /k.

(2) X is geometrically reduced.
(3) X Xy Y is reduced for every reduced k-scheme Y .

(4) X is reduced and for every mazimal point x € X, k(z)/k is separable.

Recall that a maximal point of a scheme is the generic point of an irreducible
component.

Proof. (3)=(2). Take Y = Spec(k).

(2)=(4). X is clearly reduced. Let # € X be a maximal point. Since X is
reduced, we have k(z) = Ox,. Since X ®j k is reduced, Ox .z ® k is reduced. In
other words, x(z)/k is separable.

(4)=(3). We may assume that X = Spec(A) and Y = Spec(B) are affine. It
suffices to show that A ®; B is reduced.

Since B is a union of finitely generated k-algebras, we may assume that B itself
is finitely generated and reduced. In this case, B is Noetherian and has finitely
many minimal prime ideals q. Since B is reduced, we have B — [], B/q = II, x(q)
and the product is finite. Tensoring with A, we get A®y B — [[ A®y k(q). We are
reduced to proving that A ® &k’ is reduced for any field extension &'/k.

Since A is reduced, we have

A= T[(A/p) = [Tx(p),
p p
where the product is taken over all minimal prime ideals. Tensoring with &/, we get

A@p k' = ([]rp) @ k' = [](6(p) @1 K).
p p
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(To see the injectivity of the last map, take a k-linear basis of £’.)

Thus it suffices to show that for any separable extension K /k, K ®;k’ is reduced.
Since K = Uqex k(@), we may assume K = k(«). If « is separable algebraic over
k of minimal polynomial P(z), then k() @y k' = k'[z]/(P(x)) is reduced. If « is
transcendental over k, then k(«) ®j k' is a localization of k'[x] and hence reduced.

(2)=(1). Clear.

(1)=(2). Let kPf be the perfection of k. By assumption, ¥ = X ®; kP!
is reduced. Now k/kP! is separable. Applying (4)=(3) to Spec(k), we get that
X @k k ~Y ®ppert k is reduced. O

Corollary 1.6.58. If k is a perfect field, then a k-scheme X is reduced if and only
if X is geometrically reduced.

Immersions

Recall that a morphism of schemes f: Z — X is an open immersion if and only if
sp(f) is an open embedding and f*: f~1O0x & 0.

Definition 1.6.59. Let f: Z — X be a morphism of schemes.

(1) f is called a closed immersion if f is a closed embedding and f*: f1Ox —
Oy is epimorphism of Abelian sheaves, i.e. Vz € Z, ft: Ox.sz) = Oz is
surjective.

(2) f is called an immersion if f factorizes as Z — U — X where Z — U is a
closed immersion and U — X is an open immersion.

Lemma 1.6.60.

o A morphism of schemes f: Z — X is an immersion if and only if f is a locally
closed embedding and Vz € Z, f*: Ox () — Oz, is surjective.

e [mmersions are stable under composition.

e Immersions are monomorphisms.

Example 1.6.61. Let A be a ring, I an ideal. Then Spec(A/I) — Spec(A) induced
by A — A/I is a closed immersion. Indeed, Vp O I, A, — A,/IA, ~ (A/I), is

surjective.
Definition 1.6.62. Let X be a scheme.

e A closed subscheme of X is an equivalence class of pairs (Z, f), where Z is
a scheme and f: Z — X is a closed immersion. Two pairs (Z, f) and (Z’, f)
are said to be equivalent if Jp: Z = Z’ making

Z#>X

[

Z/

commutative. ¢ is necessarily unique.
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e A subscheme of X is an equivalence class of pairs (Z, f), where Z is a scheme
and f: Z — X is an immersion. Two pairs (Z, f) and (7, f') are said to be
equivalent if Jp: Z = Z' making

Z#>X

[» 27
Z/
commutative.

By Lemma |1.6.60], we get:

Lemma 1.6.63. An immersion that is closed is a closed immersion.

Warning 1.6.64. An immersion that is open is not an open immersion in gen-
eral. For example, if A is a non-reduced ring, then Spec(A/4/(0)) — Spec(4) is a

homeomorphism and a closed immersion, but not an open immersion.

Warning 1.6.65. If I # J are ideals of A such that v/ = v/J, then Spec(A/I) and
Spec(A/J) have the same underlying subspace of Spec(A), but are not the same as
closed subscheme.

Warning 1.6.66. Let f: Z — X be an immersion. It is not possible in general to
factorize f as Z — Y — X where Z — Y is an open immersion and ¥ — X is a
closed immersion. See [SP| 078B] for an example. For a positive result, see Lemma

later.

Warning 1.6.67. Not all monomorphisms are immersions. For example, the monomor-
phism Spec(Q) — Spec(Z) is not an immersion since it is not locally closed. In the
same vein, a subobject of a scheme is not a subscheme in general.

An important class of immersions is given by the diagonal construction.

Diagonals, Separation axioms

For any morphism of schemes f: X — Y, consider the diagram

X xy X 2

S

p1

X f

—
~

|

We sometimes write A or Ay,y for Ay,
Proposition 1.6.68. Ay is an immersion.

Before proving the proposition, we first consider an illuminating example.
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Example 1.6.69. Let X = Spec(B), Y = Spec(A), and f = Spec(¢), where
¢: A— B. Then Ay: X — X Xy X corresponds to

V¢ZB®AB—>B
b1®b2|—>b1b2

This is clearly surjective. Hence Ay is a closed immersion.

Proof of Proposition[1.6.68. Let Y = JV;, V; affine open subsets. Let f~!(U;) =
UUija Uz'j affine open. Let Wij = pl_l(Uij) ﬂpz_l(Uij) ~ Uij Xy, Uz'j and W = UWz]
We have A;(Uy;) C pi'(Uy) N ps'(Us;) = Wiy Thus A factorizes as X SWC
X xy X. Now AN (Wi;) = A7 (py ' (Usy)) N A (py ' (Uiy)) = Usy and the restriction
of § to Us; — Wy; can be identified with Ay, , where fi;: Uj; — V; is the restriction
of f. By the example above, each Ay, is a closed immersion. Thus 4 is a closed
immersion. It follows that Ay: X — Y is an immersion. O

Definition 1.6.70. Let f: X — Y be a morphism of schemes.
e f is called separated if Ay is a closed immersion.
e f is called quasi-separated if A; is quasi-compact.

It is clear that we have affine = separated = quasi-separated.
The following graph construction will be very useful in the sequel. Let

x .y
\ /o
S
be a morphism of S-schemes. The graph of f, denoted I'y, is defined as follows:

f

Xy X xgV —3 Y

S

X —— S

From the functorial point of view, we have I'y(z) = (z, f(x)).
We have a commutative diagram with Cartesian squares

f

X—>X><SY—>Y

by NN

Y — = Y xgY —— S

Thus, we get the following Lemma:
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Lemma 1.6.71. If P is a class of morphisms that P is stable under base change
and composition, then gf, A, € P implies f € P.

In particular, we have

f

Corollary 1.6.72. Let X Y —— Z . If gf is quasi-compact and g is
quasi-separated, then f is quasi-compact.

Definition 1.6.73. e A scheme X is said to be separated if the morphism
X — Spec(Z) is separated.

e A scheme X is said to be quasi-separated if the morphism X — Spec(Z) is
quasi-separated.

Corollary 1.6.74. Let f: X — Y be a morphism of schemes with X quasi-compact
and Y quasi-separated. Then f is quasi-compact.

Proposition 1.6.75. A scheme X is quasi-separated if and only if for all quasi-
compact opens U and V of X, UNV is quasi-compact.

Proof. =. Since U is quasi-compact and X is quasi-separated, the open immersion
j: U — X is quasi-compact by Corollary . Therefore, UNV = j71(V) is quasi-
compact.

—.

X 2 Xx, X —2 4 X

Sk |

X ——— Spec(Z)

Let X = U, U; be an affine open cover. Let W;; = py' (U;)Npy ' (U;). Then Uy Wi; =
X Xgpeez) X . Each Wij o~ U; Xgpec(z) Uj is an affine scheme, and A~ (W;;) = U;NU;
is quasi-compact. Thus A is a quasi-compact morphism.

U

Example 1.6.76. Let X be a scheme
e [f the underlying space of X is locally Noetherian, then X is quasi-separated.

e Let X be a scheme and let U C X be an open subset that is not closed. Let
Y = X [y X be the scheme obtained by gluing two copies of X along U. Then
Y is not separated.

To see this, let jo and j; denote the two open immersions from X to Y. We
have an immersion f = (jo,j1): X = Y Xgpeezy Y- Let A = Ay/gpeczy- The
inclusion f(X) N A(X) C f(X) can be identified with the inclusion U C X,
which is not closed.

e Let X be a quasi-compact scheme and let U C X be an open subset that is
not quasi-compact (e.g. X is the Cantor set and U is the complement of a
point). Then the same argument as above shows that Y = X [[;; X is not
quasi-separated.
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Warning 1.6.77. If « is transcendental over k and k'/k a field extension, then
k(o) ®g k' is the localization of k’[a] with respect to the multiplicative set S =
k[a]\{0}. It is not a field in general.

We have seen that f: X — Y is separated if and only if Af(X) C X Xy X is
closed. This is analogous to the fact in general topology that a topological space X
is Hausdorff if and only if Ax(X) C X x X is closed.

1.7 Quasi-coherent sheaves

The properties of a ring A are often reflected by the category of A-modules. In order
to better study a sheaf of rings Ox, we now introduce the notion of Oy-module.

Definition 1.7.1. Let (X, Ox) be a ringed space.
e An Ox-module or sheaf of Oy-modules is consists of

— a sheaf of sets F on X;

— VU C X open, a structure of Ox(U)-module on F(U)

such that for all U C V| the restriction map
FV) L= FU)

is a homomorphism of Ox(V')-modules. Here F(U) is viewed as an Ox(V)-
module via the restriction map Ox (V) — Ox(U).

e A morphism of Ox-modules ¢: F — G is a morphism of sheaves of sets such
that VU C X, ¢py: F(U) — G(U) is a homomorphism of Ox (U )-modules.

Let F and G be Ox-modules. The sheaf of local homomorphisms, or “sheaf
hom” for short, denoted Homo, (F,G), is defined as

Homoy (fa g)(U) = HomOX\U(FUng)

It is easy to see that this is a sheaf of Ox-module.
The tensor product F ®o, G is defined as the sheafification of

U — F(U) @oxw) 9(U)

The tensor product is again a sheaf of Ox-modules.
The following properties are easy to verify.

Lemma 1.7.2. Let F,G,H be sheaves of Ox-modules.

(]) Va EX; ('F®OX g)x sz ®Ox,z g:n
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(2) Homp, (F ®o, G, H) = Home, (F, Homo, (G, H)).

Recall that a morphism of ringed spaces f: (X,Ox) — (Y, Oy) consists of the
following:

e a continuous map f: X — Y,

e a morphism of sheaves of rings f*: f~10y — Ox (or, equivalently by adjunc-
tion, fbi Oy — f*OX)

For an Ox-module F, f.(F) is then naturally an f,(Ox)-module. We regard
f+(F) as an Oy-module via f°.
For an Oy-module G, f1G is an f~!Oy-module. We define

[(G) =[G @0, Ox

Then f*(G) is an Ox-module.
Combining the adjunction f~! - f, and the adjunction between ® and Hom, we
have

Homo, (f*G, F) = Homo, (G, f.(F).

In other words, we have f* - f, between the categories of O-modules.

Warning 1.7.3. f* is not exact in general. f* is exact if f is flat, i.e. Vo € X
Oyj(x) — (’))(7z is flat.

Definition 1.7.4. Let (X, Ox) be a ringed space and F an Ox-module.

e F is said to be free if it is isomorphic to a direct sum of copies of Ox. O% is
called a free Ox-module of rank n. For I a set, we write O%' := @,c; Ox.

e F is said to be locally free if there is an open cover X = |JU; such that F|,
is a free Ox|y,-module.

e F is said to be locally free of rank n if there is an open cover X = [JU;
such that F|y, is a free Ox|y,-module of rank n.

e F is said to be invertible if it is locall free of rank 1.

Remark 1.7.5. e For F locally of rank n, its dual F" := Hom(F, Ox) is also
locally free of rank n.

e For F is invertible, we have F @ F¥ = Ox. We let Pic(X) denote the set
of isomorphism classes of invertible Ox-modules. (Pic(X),®) is an Abelian
group, called the Picard group of X.

Definition 1.7.6. An Ox-module F is said to be quasi-coherent if there exists
an open cover X = |JU; such that F|y, is a cokernel of free Ox|y, modules. i.e.

Flu, =& coker(Ox|3 — Ox|57)
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Let A be a ring and M an A-module. Let X = Spec(A) and D(f) C X,
f € A be a principal open subset. Define M (D(f)) = My, which is a module over
Ay = Ox(D(f)). If D(f) € D(g), then the homomorphism A, — Ay induces
M, — Mjy. Let B be the partially ordered set {D(f) | f € A}.

Lemma 1.7.7. The functor
B°® — Ab

D(f) = My

extends uniquely to a sheaf of Ox-module.

Proof. By Lemma [1.4.1] it suffices to verify the gluing property for a cover in B of
some D(f). Up to replacing A by Ay, we may without loss of generality suppose
that the cover has the form X = U;c; D(fi). Since X is quasi-compact, we may
assume as in the proof of Proposition [I.4.2] that [ is finite. It suffices to show that

M%@Mﬁ j@Mfifj

i?j

is an equalizer diagram. For this, one can repeat the arguments in either one of the
two proofs of Proposition [1.4.2] ]

We have

M, = colim M; = colim M; = M,
P pen(n T e i

Proposition 1.7.8. The functor

F: A-Mod — Shv(X,Ox)
M — M

is exact, fully faithful and left adjoint to I'(X, —).

Proof. Let F be an Ox-module and M an A-module. We consider the map
U: Home, (M, F) — Hom(M, F(X))

carrying ¢: M — F to ¢(X): M = M(X) — F(X). For ¢: M — F(X), we define

6 = B(v): M — F by ¢(D(f)): M(D(f)) = My 5 F(X); — F(D(J)) for each

f € A. One checks ® and ¥ are inverse to each other. This shows F 4 T'(X, —).
Since I'( X, M ) = M, F is fully faithful. Finally, F' is exact since the functor

M — My is exact Vf € A. O

One checks the following properties:

Lemma 1.7.9. Let ¢: A — B be a ring homomorphism, X = Spec(B), Y =
Spec(A), and f = Spec(¢): X =Y.

(1) For A-modules M and M, we have M ®p, N ~ (M ®4 N)~.

(2) For every A-module M, we have f*(M) ~ (M ®, B)~.
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(3) For every B-module N, we have f*(]v) = AN, where 4N is N considered as
an A-module via ¢.

Proof. (1) The canonical morphism M ®o, N — (M ®4 N)A™ is an isomorphism
by taking stalks. -

(2) Consider the canonical morphism f*(M) — (M ®4 B)~. Let q be a prime
in Band p = f(q) = ¢ '(p). The stalk of the morphism at q is (f*M), ~
(f_lM)q ®fﬁl(t)Y,q OX’q = Mp ®AP Bq = (M ®A B);

(3) Indeed, ¥g € B, we have £.(N)(D(g)) = N(D(6(g)) = Nogy. m

Proposition 1.7.10. Let X = Spec(A). An Ox-module F is quasi-coherent if and
only if F = M for some A-module M.

More generally, we have the following characterization of quasi-coherent sheaves
on schemes.

Proposition 1.7.11. Let X be a scheme and F an Ox-module. Then the following
are equivalent

(a) F is quasi-coherent.

(b) 3X = UU; with U; = Spec(4;) affine open, such that for every i, Fly, = M;
for some A;-module M;.

(¢) YU = Spec(A) C X affine open, we have Fly = M for some A-module M.

Proof. (b)= (a). It suffices to show for every A-module M, M quasi-coherent.
There is a presentation of M using free modules:

.2 p— | 0 M 0.

Taking the associated sheaves, we get an exact sequence

3 0% —— 0¥/ M 0.

(¢)= (b). Trivial.

(a)= (c). We may assume X = Spec(A) is affine. Let M = F(X). It suffices to
show that the canonical map M; — F(D(f)) is an isomorphism for every f € A,
which gives an isomorphism M =5 F. The following lemma is a generalization of
this assertion. ]

Lemma 1.7.12. Let X be a quasi-compact scheme, f € Ox(X), and F quasi-
coherent Ox-module.

(1) The map F(X); — F(Xy) is an injection.

(2) If X is quasi-separated, then F(X); — F(Xy) is bijective.
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Proof. Let X = Ui, U; be an affine open cover with U; = Spec(A;) such that each

Flu, is the cokernel of free module. Then Fly, = M; for some A;-module M.
Consider the commutative diagram:

0 —— F(X)y —— I, F(U)y —— T, F(U:;NU;)y

L P J»

0 —— F(X;) —— [ F(U) ) —2— T F(UDy 0 (Up)g)

where ¢ and ¢’ are differences of the restrictions maps. U; ; means U; N X;. The
rows are exact by the sheaf condition and by the exactness of localization.

(1) We have F(U;); = (M;); = F((U;)y). Hence v is an isomorphism. This
implies that u is injective.

(2) Since X is quasi-separated, U; N U; is quasi-compact and w is injective by
(1). It follows that w is an isomorphism by a simple diagram chase. O

Example 1.7.13. For an open immersion j: U — X, 5,0y is not a quasi-coherent
Ox-module in general. Recall

Oy(V) VCU

Oy = (57" Op) .
0 VCuU 710u = (Ji )

UFhOUXVU:={

Indeed, if X is irreducible and V' is an affine open satisfying V' C U, then 50y (V) =
0. This implies that 5Oy is not quasi-coherent. Otherwise we would have (5,0p)|y =
0, which is absurd.

Corollary 1.7.14. Let X be a scheme. The full subcategory QCoh(X) C Shv(X, Ox)
is stable under kernels and colimits.

Lemma 1.7.15. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces.

(1) For quasi-coherent Oy-modules F and G, F Qo, G is also a quasi-coherent
Oy -module.

(2) For any quasi-coherent Oy -module F, then f*F is a quasi-coherent O x-module.

Proof. We leave (1) as an exercise. For (2), note that f* is right exact and preserves
cokernels of free modules. O

Example 1.7.16. Let A be a DVR, K = Frac(A), X = Spec(A). Then Of =
[1,en Ox is not quasi-coherent. Indeed, F(X) = AN and F(n) = KV, and the map
AV ®,4 K — K" is not an isomorphism.

Let f: Y =I,en X — X. Then F = f.(Oy). This shows f, does note preserve
quasi-coherent sheaves in general.

Proposition 1.7.17. Let f: X — Y be a qcqs (quasi-coherent and quasi-separated)
morphism of schemes and F a quasi-coherent Ox-module. Then f.(F) is a quasi-
coherent Oy -module.
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Proof. 1f X = Spec(B) and Y = Spec(A), the assertion follows from Lemma [1.7.9]

In general, we may assume that Y is affine. Then X is quasi-compact and quasi-
separated (See Lemma below). Let X = U, U; be an affine open cover.
Then U; N U; is quasi-compact and we can write U; N U; = UU;j, with k finite
and U, affine open. Let u;: U; — X and wj,: Ujp — X be the inclusions. The
sequence

0 F D; wix(Flu,) —— Dijr wignn(F

Uijk)

is exact by sheaf condition. Applying f., we get an exact sequence

Ui) E— @z]k(fuljw*(f. Uijk)'

Since Uj is affine, (fu;)«(F|v,) is quasi-coherent. Similarly (fuji)«(Flu,,) is quasi-
coherent. It follows that f,F is quasi-coherent. O]




1.8. RELATIVE SPECTRUM 53

Date: 10.15
We supplement some properties of quasi-separated morphisms.

Proposition 1.7.18.

(1) Quasi-separated morphisms are stable under composition and base change.

(2) If X Ty 258 are morphisms such that gf is quasi-separated, then
f s quasi-separated.

Proof. For (1), we first consider base change. Suppose f is quasi-separated, and
g: Y — Y is another morphism. Form the Cartesian square on the left. Then the
square on the right is also Cartesian.

f/ Af/

X 2 Y X — X Xy’ X'
f Ag

X —Y X — X xy X

Since quasi-compact morphisms are stable under base change, A is quasi-compact.
f

For composition, let X Y —2— S be morphisms of schemes. Consider

the diagram with pullback square:
Ags

Ay A/
X —— XXy X — X xgX

| |

Y — 2 vy xgY

A’ is quasi-compact by base change. Thus A,y is the composition of quasi-compact
morphisms, and hence quasi-compact.

For (2), we apply Lemma . We have already proven the collection of quasi-
separated morphisms are stable under base change and composition. Since A, is
an immersion and an immersion is clearly quasi-separated, we get that f is quasi-
separated. O

1.8 Relative spectrum

Definition 1.8.1. Let (X, Ox) be a ringed space. An Ox-algebra or a sheaef of
Ox-algebra consists of

e a sheaf of sets &/ on X;

e VU C X open, a structure of Ox(U)-algebra on </ (U)
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A (V) —— o (U)
such that VU C V, T T commutes as ring homomorphisms. A

morphism of Ox-algebras ¢: A — B is a morphism of sheaves of sets such that
YU C X, ¢y: A(U) — B(U) is a homomorphism of Ox(U)-modules.

We say that an Ox-algebra o7 is quasi-coherent Oyx-algebra if it is quasi-
coherent as an Oy-module.

Example 1.8.2. If f: (X,0x) — (Y,0Oy) is a morphism of ringed spaces, then
f.(Ox) is an Oy-algebra via f°.

Example 1.8.3. Let X = Spec(B). Then we have an equivalence of categories

B-Alg = {quasi-coherent Ox-algebras}
A A

Construction 1.8.4. Let S be a scheme and &7 a quasi-coherent Og-algebra. We
construct a scheme X = Spec(4/) and an affine morphism f: Spec(&/) — S as
follows.

For U C S affine open, we consider fy: Spec(/(U)) — Spec(O(U)) ~ U. For

any inclusion U C V of affine open subsets, we have a Cartesian square

Spec(A(U)) — Spec(A(V))

fUJ/ J/fv

U V.

One verifies that these data glue to a scheme X = Spec(%/) and an affine morphism
f: Spec(e) — S.
By construction, (f.Ox)(U) = Ox(f~4(U)) = A(U). Thus A ~ f.Ox.

Example 1.8.5. Let 7 = OF be a free Og-module. Let &/ = Symg (F). If
U = Spec(B) C S is affine, then &/ (U) = Blzy,...,x,]. We call Spec(#/) the
affine n-space of S. We have Ay ~ A7 Xgyec(z) S

In general, for any quasi-coherent Og-module F, we call V(F) = Spec(Symg, (F))
the vector bundle over S associated to F. If F is locally free of rank n, V(F) is
locally isomorphic to an affine n-space over S. For n = 1, we speak of line bundle
instead of vector bundle.

Next we extend some properties of Spec to Spec.

Proposition 1.8.6. Let f: X — S be a morphism of schemes and </ a quasi-
coherent Og-algebra. Then we have a canonical bijection

Homg(X, Spec(«)) = Homeg ale(<, f.(Ox)).
This is a relative analogue of the bijection

HomSCh(X, Spec(A)) :> HOIIlRing(A, Ox(X))
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Proof. Let Y = Spec(/). The map is constructed as follows. To any morphism of

S-schemes

X —h .y

N/

b
we associate A = ¢,0y LN 9:h,Ox = f,Ox .
We will prove that for every open U C S,

(1.8.1) Homy (f~1(U), Spec(#/ |v)) = Homo,-aig( v, f.(Ox)lv)-

Since any morphism of S-schemes f~!(U) — Spec(&) factors through Spec(«|r;),
we have

Homy (f(U), Spec(#|v)) = Homs(f ' (U), Spec(/)).

Now both sides of ([1.8.1]) are sheaves when U runs through all open subsets of S. In
order to show that the morphism of sheaves is an isomorphism, it suffices to check

that (1.8.1) is an isomorphism for every affine open subset U. -
Thus we may assume that S = Spec(B) is affine and thus &/ = A with A a
B-algebra. Then

Homg (X, Spec(#)) = Homgpeo(ny (X, Spec(A))
1) HomB_alg(A, Ox(X)) - HomOs—Alg(Ay f*(OX))

Consider the functor

{schemes qcgs over S} — {quasi-coherent Og-algebras}?
(f: X = 9)— f(Ox).

The above proposition shows Spec is a right adjoint of this functor. Moreover, Spec
is fully faithful since & ~ f*Om( o)

Corollary 1.8.7. Let S be a scheme. There is an equivalence of categories

{quasi-coherent Og-algebras}® = {schemes affine over S}
o/ +— Spec(&).

Proof. Tt remains to check that for every affine morphism f: X — S, the morphism
X — Spec(f.Ox) is an isomorphism. For this we may assume that S is affine and
the assertion is then clear. O

Immersions

Definition 1.8.8. Let (X, Ox) be a ringed space. An ideal sheaf I of Ox is a
Ox-submodule of Ox. This makes Ox /I into an Ox-algebra.
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Proposition 1.8.9. Let X be a scheme. There is an order-reserving bijection

O {quasi-coherent ideal sheaves of Ox} = {closed subschemes of X}
I — Spec(Ox/I)
Iy = Ker((’)x — Z*Oy) < (Z Y — X)

Iy is called the ideal sheaf of Y.

Proof. Let W: (i: Y — X))+ Iy. Since a closed immersion is qcgs, i,Oy is a sheaf
of Ox and Iy is quasi-coherent ideal sheaf of Ox.

It is clear that U@ = id. Indeed, for Y = Spec(Ox/I) and i: Y — X, we have
1.0y = Ox/I. Thus V is surjective. -

It remains to prove that WU is injective. Since Ox — 7.0y is an epimorphism of
sheaves of Ox-modules, we have Ox /Iy = i,Oy. Since i is a closed imbedding, we
have sp(Y) = supp(i.Oy) = supp(Ox/Iy). Thus sp(Y) is uniquely determined by
Iy. Furthermore, Oy ~ i~1i,Oy is also uniquely determined by Iy-. O

Corollary 1.8.10. For X = Spec(A), we have an order-reversing bijection

{ideals of A} = {closed subschemes of Spec(A)}
I — Spec(A/I)

This is not so obvious without using ideal sheaves.
Corollary 1.8.11. Closed immersions are finite and stable under base change.
Corollary 1.8.12. Immersions are stable under base change.

Proof. Both open immersions and closed immersions are stable under base change.
O

Proposition 1.8.13. (1) Separated morphisms are stable under composition and
base change.

f

(2) Let X Y —L—~ S be morphisms of schemes. If gf is separated, then

f s separated.

Proof. The proof of (1) is similar to that Proposition We use the stability of
closed immersions under base change and composition.

For (2), we can apply Lemma as before. Let us give a more direct proof.
Consider the diagram with pullback square:

Agy

Ay A/
X — XXy X — X xgX

| |

Y45>Y><5Y

Since Agyp(X) is closed in X xg X, Ap(X) is closed in X xy X. This shows that f
is separated. O
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Proposition 1.8.14. Let X be a scheme and T' C X a closed subset. Then there
exists a unique reduced closed subscheme Y C X whose underlying space is T'.

The closed subscheme structure of Y is called the reduced induced closed
subscheme structure on 7.

Proof. Existence. Let I(U) = {f € Ox(U) | fo € my,Yr € UNT}. Then I C Ox
is clearly an ideal. We prove that I is quasi-coherent. Let U = Spec(A) C X be an
affine open subset. Then TNU = V/(J) with J radical. We have I(U) = N,5,p = J.
This remains true if we replace U by any principal open subset of U: Vf € A,
I(D(f)) = JA;. This shows I|;; = J and I is quasi-coherent. Thus I gives rise to a
closed subscheme Y = Spec(Ox/I). The scheme Y is reduced, since for every affine
open U = Spec(A), Oy (U) = A/J is reduced.

Uniqueness. Let Y’ be another reduced closed subscheme with underlying space
T. To check Y =Y, it suffices to do so on each affine open subset. Thus we may
assume X = Spec(A) is affine. In this case Y = Spec(A/J) and Y’ = Spec(A/J)
with J and J' radical and V(J) =T =V (J'). Thus J = J'. O

Example 1.8.15. Taking 7" = X, we get a unique reduced closed subscheme X,.q C
X whose underlying subspace is X. The scheme X,.q is called the reduced scheme
associated to X.

Normalization

Definition 1.8.16. A scheme X is said to be normal if for all x € X, Oy, is an
integrally closed domain.

Proposition 1.8.17. |[AM, Proposition 5.12| Taking integral closure is compatible
with localization: let ¢: A — B be a ring homomorphism and S C A a multiplicative
system. Let C be the integral closure of A in B. Then S~1C is the integral closure
of ST'A in ST'B.

Corollary 1.8.18. Let A be a domain. Then A is integrally closed if and only if
Vp € Spec(A), A, is integrally closed.

Corollary 1.8.19. Let A — B is a morphisms of ring homomorphism. Then b € B
is integral over A if and only if Vp € Spec(A), b is integral over A,.

Construction 1.8.20. Let X be an integral scheme, K its function field, L/K a
field extension. Define

{f € L| f integral over Ox,,Vz € U} U #0

) {0 U=0
This is clearly an Ox-algebra. For U = Spec(A) C X affine open, &7 (U) is the
integral closure A’ of A in L by Corollary For any principal open subset
D(f) of U, &(D(f)) = A’. This shows that & |y = A’. Thus & is quasi-coherent.

The scheme X' = Spec(«) equipped with the morphism X’ — X is called
the normalization of X in L. If L = K, then X" := Spec(«) is called the
normalization of X. -
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From the construction, we see X’ is integral and normal and the canonical mor-
phism X’ — X is integral.

Example 1.8.21. X = Spec(k[z,y]/(y* — x*)) has a cusp at the origin O. Since
(y/x)* = w in the function field, X is not normal. Let z = y/x. Then X" :=
Spec(k(x, 2]/ (2* — x)) ~ Spec(k[z]) is the normalization of X. In this case, X* — X
is a universal homeomorphism.

Example 1.8.22. X = Spec(k[z,y]/(y* — z*(x + 1))) has a node at O. Since
(y/x)? = x + 1 in the function field, X is not normal. Let y/x = 2. Then X" :=
Spec([z, z]/(2* — (z + 1)) =~ Spec(k[z]) is the normalization of X. The fiber of
X" — X at the origin consists of the two rational points z = +1.

Definition 1.8.23. An integral scheme X is said to be Japanese if for every finite
extension L of the function field K of X, the normalization X’ of X in L is finite
over X.

A scheme X is said to be universally Japanese if every integral scheme locally
of finite type over X is Japanese.
Theorem 1.8.24. Let A be

e a field, or

e o Dedekind domain with fraction field K satisfying char(K) =0, or

e a Noetherian complete local ring.

Then Spec(A) is universally Japanese.

1.9 Valuative criterion

Definition 1.9.1. A ring A is called a valuation ring if it is a domain and Vx €
Frac(A), either z € A or z71 € A.

Definition 1.9.2. Let f: X — S be a morphisms of schemes.
e f is said to satisfy the existence part of the valuation criterion if for every
valuation ring A with fraction field K, and all morphisms i: Spec(K) — X

and j: Spec(A) — S making the following square commutative, there exists
a morphism t: Spec(A) — X making the two triangles below commutative:

Spec(K) —— X

¢ 1
J/ ///// J{f

Spec(4) —— S



1.9. VALUATIVE CRITERION 99

e f is said to satisfy the uniqueness part of the valuation criterion if when-
ever given ¢ and j as above, there exists at most one ¢ making the triangles
commutative. That is, for every commutative diagram

Spec(K) —— X

| )

Spec(4) —— S

where A is a valuation ring with fraction field K, we have t; = ts.

Remark 1.9.3. f: X — S satisfies the existence part of valuation criterion if and
only if for all valuation ring A with fraction field K, X(A4) = X(K) xgx) S(A) is
surjective.

f: X — S satisfies the uniqueness part of valuation criterion if and only if for
all valuation ring A with fraction field K, X(A) — X(K) xg(x) S(A) is injective.

Remark 1.9.4. If we are given a diagram as below,

Spec(K) —— X xg S8 ——= X

then the dotted arrow ¢ exists if and only if ¢ exists and ¢ is unique if and only if ¢’
is unique. This follows immediately form the universal property of fiber product.

Definition 1.9.5. A morphism of schemes f: X — S is universally specializing
if every base change of f is specializing.

Theorem 1.9.6. Let f: X — S be a morphism of schemes.

(1) [ satisfies the existence part of valuation criterion <= f is universally
specializing.

(2) f satisfies the uniqueness part of valuation criterion <= Ay is universally
specializing.

Proof. (1) = (2). We prove f satisfies uniqueness <= A/ satisfies existence.
Consider the following diagram

Spec(K) ——— X Spec(K) —— X
| & b | AL
Spec(A) —2 X xg X Spec(A) —— S

The morphism ¢ exists if and only if @ = b. Thus the existence of Ay corresponds
to uniqueness of f.
O
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Definition 1.9.7. Let K be a field and let A, B C K be local rings with maximal
ideals m4, mp. We say that B dominates A if A C B and my C mg. We say that
A is a valuation ring of K if A is a valuation ring and Frac(A) = K.

Fact 1.9.8. (1) [AM| Exercise 5.27] Let A C K be a local domain. Then A is a
valuation ring of K if and only if A is maximal for the dominance relation
amonyg local rings in K.

(2) M2, Theorem 10.2] For any local ring B C K, there exists a valuation ring A
of K dominating B.

Proof of Theorem[1.9.6 (1). <=. Since f is universally specializing, we may pull
back and reduce to the following lifting problem:

Spec(K) —— X
T

t .
\L //// f

Spec(A) S

Write Im(g) = {2'}, s the closed point of S. Since f is specializing, and f(2') ~ s,
2’ ~» z such that f(x) = s. Consider

¢

K +—— k(2') +—— Ox,

=7

A

Since f(z) = s, A — Ox, is a local homomorphism. Thus ¢(Ox ) dominates
A. Since A is a valuation ring, it is maximal for the dominance relation, hence

#(Ox.) = A. Let ¢ be ¢ regarded as a map Ox, — A. Then Spec(A) Spec®)
Spec(Ox ) — X furnishes the desired morphism ¢.

—. It suffices to show [ specializing. Let 2’ € X and f(2') = s’ ~» s. We need
to find 2’ ~» x such that f(z) = s. Consider

o
K =k(2') «—— Ox.u

T

OS,s’ < OS,s

Since ¢(Og,s) is a local ring in K, there is a valuation ring A of K dominating it.
Thus we have
Spec(K) — Spec(Ox o) —= X

Spec(A) —— Spec(Ogs) —— S



1.9. VALUATIVE CRITERION 61

Since f satisfies the existence part of valuation criterion, there exists t making the
two triangles commutative. Let 1 and o be the generic and closed points of Spec(A),
respectively. Let x = t(0). Then f(x) = s and ¢ maps the specialization 1 ~ ¢ to
x' ~» x as desired. ]

Proposition 1.9.9. (1) A closed map is specializing.

(2) Conversely, a specializing and quasi-compact morphism of schemes is closed.

Proof. (1) This was shown in Example [1.6.35]
(2) Let f: X — S be specializing and quasi-compact morphism of schemes. Let
Y C X be closed subset. Equip Y with the induced reduced subscheme structure.

We observe that the composition ¥V — X Iy S is specializing and quasi-compact.
We conclude that f(Y) is closed by the following lemma. O

Lemma 1.9.10. Let f: X — S be a quasi-compact morphism of schemes. Then
f(X) contains every mazimal point of f(X). In particular, f(X) is closed if more-
over f(X) is closed under specialization.

Proof. We may assume that S = Spec(B) is affine. Then X is quasi-compact. Take
a finite affine open covering X = (J; U;, U; = Spec(A4;). Then f(X) = U, f(U;) =
Im(Spec(I]; Ai) — Spec(B)). Thus we may assume X = Spec(A) is affine and
f = Spec(¢) where ¢: B — A is a ring homomorphism.

Factor ¢ as B — B/I — A, where I = Ker(¢). Then f(X) is contained in
Spec(B/I). Thus may assume that ¢ is injective. This case is the content of next
Lemma. [

Lemma 1.9.11. Let ¢: B — A is an injective ring homomorphism. Then the image
of f = Spec(¢) contains all mazimal points of Spec(B).

Compare with Lemma [1.2.11{(2).

Proof. Let p € Spec(B) be a maximal point. Then B, has a unique prime ideal,
pB,. Since B, — A, remains injective by flatness, we have A, # 0. Thus there
exists a maximal ideal m of A,. Then m N B, = pB,. O

Corollary 1.9.12. A universally specializing and quasi-compact morphism of schemes
1is universally closed.

Example 1.9.13. [[,Spec(Z/p) — Spec(Z) is universally specializing but not
closed. The image is the set of closed points of Spec(Z).

Corollary 1.9.14. f is separated <= f is quasi-separated and satisfies the unique-
ness part of the valuative criterion.

Proof. f is separated <= Ay is closed <= Ay is quasi-compact and universally
specializing <= Ay is quasi-compact and satisfies the existence part of the val-
uative criterion <= f is quasi-separated and satisfies the uniqueness part of the
valuative criterion. O

Definition 1.9.15. We say that a morphism of schemes is proper if it is separated,
of finite type and universally closed.
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Corollary 1.9.16. f is proper <= f is of finite type, quasi-separated and satisfies
both parts of the valuative criterion.

Proposition 1.9.17. f is integral <= f is affine and universally closed.
Corollary 1.9.18. f is finite <= f is affine and proper.

Proof of the proposition. We need only to prove <=. Let f: X — S be an affine

morphism that is universally closed. We may assume that S = Spec(B) is affine.
Then X = Spec(A) is affine and f = Spec(¢), ¢: A — B. In this case we have the
following stronger result. ]

Lemma 1.9.19. Let ¢: B — A be a ring homomorphism such that Spec(A[X]) —
Spec(B[X]) is closed. Then ¢ is integral.

Proof. Let a € A. We will show a is integral over B. Consider

I = Ker(B[X] — A)
X—a

and
J = Ker(B[X] = A[X]/(aX — 1) = Ala™"])

X—X

If f=Y500:X" € J, then f = (aX —1)g where g = > ;50 a;,X" € A[X]. Expand
the coefficients we have b; = aa;—; — a;. Thus for n > max{deg(f),deg(g) + 1},
h =Y,06X"" = Yi(aa;y — a;)) X" = (a —2) X a; X" 7" € I. The leading
coefficient of h is by. Thus, to show that a is integral, it suffices to find f € J with
constant term in B*.

Note that J contains a polynomial with constant term in B> if and only if
J + X B[X] = B[X]. Now consider the closed map f = Spec(¢[X]): Spec(A[z]) —
Spec(B[z]). By Lemmal[l.2.11} f(V(aX — 1)) = V(J). Thus f(V(aX —1)) = V(J).
It follows that g: Spec(Alz]/(aX — 1)) — Spec(B]z]/(J) is surjective. We have a
Cartesian square

i) A Spec<B[X]/<f + X B[X]))
/

Spec(A[z]/(aX — 1)) —2 Spec(Blz]/(J)).

Indeed, A[X]/(X,aX —1) = 0. Thus ¢’ is surjective. In other words, Spec(B|z]/(J+
XB[X]) =0 and J + XB[X] = B[X]. O

As usual, proper morphisms behave well under composition and base change:

Proposition 1.9.20. (1) Proper morphisms are stable under composition and base
change.

(2) If X T,y 2,7 gf proper and g separated —> f proper.
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Definition 1.9.21. Let S be a scheme. We call P§ := P} Xgpec(z) S the projective
n-space over S.

For § = Spec(A), we have Py ~ Pg 4
We have seen that finite morphisms are proper. Another nontrivial example is
the following.

Proposition 1.9.22. P — S is proper.

It suffices to show that P, — Spec(Z) is proper. Recall that Py = UL, U;, U; ~
Spec(R;), R; = Z[x;/x;|}—,. Moreover, UNU; ~ Spec(Ry;), Rij = Z[{xr/ i, 21/ 75 —o)-
Since each R; is a finite type Z-algebra and U; N U; is quasi-compact, P — Spec(Z)
is of finite type and quasi-separated. It remains to prove both parts of the valuative
criterion.

We now describe the functor represented by P} in a special case. For a ring A,
let P%(A) = Homge, (Spec(A), P%).

Lemma 1.9.23. Let A be a local domain and let K = Frac(A). Then
P2(A) 2 W/K*

where W = {(ag, ..., a,) € K"™\{(0,...,0)} | 3i,Vj,a; € a;A} and K* acts on W
by scalar multiplication.

We will give a description of P%(S) for a general scheme S later. The class of
(ag, . ..,ay) is denoted by [ag : -+ : ay].

Proof. Let f: Spec(A) — P} and let s be the closed point of Spec(A). Then there
exists i such that f(s) € U;. It follows that f: Spec(A) — U;. Thus P}(A) =
U; Ui(A). Consider the subset W; = {(ag, ay,...a,) € K"™\{(0,...,0)} | Vj,a; €
a;A} € W. Note that U;(A) ~ Hompine(R; — A). The map ¢;: W;/K* —
U;(A) carrying [ag : -+ : a,] to the homomorphism z;/z; — a;/a; is a bijection.
Indeed, the inverse carries g: R; — A to [g(z;/%;)]o<j<n. Similarly, (U; N U;)(A) ~
Hompging(Rij, A). The maps ¢; and ¢; restrict to (W; N W;)/K* = (U; N U;)(A).
Since W = U, W;, the maps ¢; patch together to a bijection W/K>* = PZ(A). O

We next discuss the valuation defined by a valuation ring.

Definition 1.9.24. Let I' be a totally ordered abelian group (¢ < b — a+c¢ <
b+ c) and let K be a field. A valuation v: K* — I is a group homomorphism
satisfying the strong triangle inequality:

v(z +y) = max(v(z), v(y)).
We extend v to v(0) = oo.

If v: K* — I'is a valuation, then {x € K | v(z) > 0} is a valuation ring of K.
Conversely, if A is a valuation ring of K, then the quotient map v: K* — K*/A*
is a valuation. Here the total order on K*/A* is defined as follows: zA* < yA* if
rly e A
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End of proof of Proposition[1.9.29 Since Spec(Z) is a final object, it suffices to show
for every valuation ring A of fraction field K, the map

p: P7(A) = P (K)

is a bijection. By the description in Lemma [1.9.23] this map can be identified with
the inclusion
W/K* € (K" {0})/K*,

where O = (0,...,0). Let v: K* — T" be the valuation given by v. Let (aq, ...,a,) €
K™\ {0}. We can find a (nonzero) a; with the smallest valuation. Then v(a;/a;) >
0forall0 < j < n. Inother words, a;/a; € Aforall j. This shows that (ao, ..., a,) €
W. Thus W = (K""'\{O})/K* and ¢ is a bijection. O

GAGA (Algebraic Geometry and Analytic Geometry). Let X/C be a scheme of
finite type. Any affine open U C X is of the form Spec(C[Xy, ..., X,]/(f1,... fm))-
Then U(C) = {(a1,...,a,) € C" | fi(a1,...,a,) = 0} € C". We equip U(C)
with the subspace topology induced from the usual topology on C". One can show
that this does not depend on the choice of the embedding U — AZ and there
exists a topology 7 on X (C) such that each U(C) is an open subspace. The space
X2 = (X(C), ) is called the analytic space associated to X.

Fact 1.9.25. o X separated < X*" Hausdorff.

e X/C proper <= X Hausdorff and quasi-compact.

x —J1 Ly

e [or \ / where both X — C and Y — C are separated and

Spec(C)
of finite type, f is proper <= f*: X* — Y?® is proper (i.e. for every
quasi-compact subset V-.C Y (f*™)~Y(V) is quasi-compact, or, equivalently,
for every topological space Z, f** x Z: X* x Z — Y x Z is closed).

Theorem 1.9.26 (Nagata compactification). Let S be a quasi-compact quasi-separated
scheme and let f: X — S be a separated morphism of finite type. Then there exists
an open immersion j: X — X and a proper morphism f: X — S such that fj = f.

Nagata proved the theorem for Noetherian schemes and Deligne proved the gen-
eral case.

In a couple of simple cases, we already know the result of Nagata compactifica-
tion.

Lemma 1.9.27. Let f: X — S be a quasi-compact immersion. Then there exists
an open immersion j: X — X and a closed immersion f: X — S such that fj = [.

The quasi-compactness assumption cannot be dropped. See Warning [I.6.66]

Proof. Tt suffices to take X = Spec(Ox/Z) with T = Ker(Os — f.Ox). This is
called the scheme-theoretic closure of X. O
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Example 1.9.28. Let X = Spec(A), S = Spec(B), ¢: B — A and f = Spec(¢).
Assume that f is of finite type, namely A is a finitely generated B-algebra. Choosing
a set of generators, we obtain a closed immersion X — A% over B. Choose an open

immersion A% — P% over B.

N

Let X be the scheme-theoretic closure of X in P%. Then X — S is proper.
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1.10 Homogeneous spectrum

Let k£ be a field. We have a bijection
P*(k) = {lines in A"™! through O}

lag = -+ an] = V(az; — ajz;).

Closed subsets of P correspond to conical subsets of A" of the form V(f1,... f),
with each f; homogeneous.

Example 1.10.1. The cone V(z? — y*> — 2?) in A3 corresponds to a curve in P2.

For every graded ring R, we will construct a scheme Proj(R), called the homo-
geneous spectrum of R. Recall that a graded ring is a ring equipped with a
decomposition R = @, R4 as abelian groups, satisfying RqR. C Rqy.. In particu-
lar, 1 € Ry and Ry is both a sub-ring and a quotient ring of R. Elements in R, are
called homogeneous of degree d.

An ideal I C R is said to be homogeneous if [ = @,.((/ N Ry).

Example 1.10.2. R, = @, R4 is a homogenous ideal.

Lemma 1.10.3. Let p C R be a homogeneous ideal. Then p is a prime ideal if and
only if Vx,y € R homogeneous, xy € p = x € P ory € p.

Proof. <. Let x =Y x4, y = > Ye, x,y ¢ p. Then there exists a smallest dy such
that x4, ¢ p. Similarly there exists a smallest ey such that y., ¢ p. Expanding xy,
we see that 24,Ye, ¢ p. Thus zy ¢ p. O

Definition 1.10.4. For a graded ring R, we define a subset Proj(R) C Spec(R) by
Proj(R) = {p € Spec(R) | p homogeneous and p 2 R, } C Spec(R).
We equip Proj(R) with the subspace topology.

Notation 1.10.5. For any subset 7' C R, we write V,.(T") = V(T') N Proj(R). For
f € R, we write V,.(f) = V,.((f)). For f € R, homogeneous, we write D, (f) =
Proj(R)\V,.(f).

Thus V. (T) is the set of homogeneous prime ideals of R satisfying 7" C p and
R, C p. It is a closed subset of Proj(R). If ps: R — R, denotes the projection,
then the homogeneous ideal generated by T is I = Ugsopa(T). It is clear that
Vi (T) = V,(I). Thus every closed subset of Proj(R) is of the form V,(I) for some
homogeneous ideal I.

Example 1.10.6. V. (R) = V4 (R;) =0, V(0) = Proj(R).
Lemma 1.10.7. If f € Ry, then

D(f) nProj(R) = U D.(fg)

gER homogeneous
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Proof. O is clear. For C, suppose there exists p € D(f) N Proj(R) such that p ¢
U, D+(fg). Then f ¢ p, but Vg € R, homogeneous, fg € p, so that g € p. It
follows that R, C p, a contradiction. m

This is the reason why we only consider D, (f) with f homogeneous of positive
degree.

Definition 1.10.8. D, (f) with f € R, homogeneous are called standard open
subsets.

Standard open subsets form an open basis for Proj(R) and D (fg) = Dy(f) N

D.(9g).
For any homogeneous f € R, Ry is a Z-graded ring. Let Ry denote the degree

0 piece of Ry.
Lemma 1.10.9. For f homogeneous of positive degree, we have

D (f) < {homogeneous primes of Ry} — Spec(Ry))
are homeomorphisms.

Proof. The isomorphism on the left is easy to establish. For the one on the right,
we apply the following Lemma. O

Lemma 1.10.10. Let S be a Z-graded ring such that there exists f € SqN.S* for
some d > 0. Then we have a homeomorphism

j: G = {Z-graded primes of S} = Spec(Sp)
p—pnSo

\/13075<—Po

We remark that in a Z-graded ring S, S is a subring but typically not a quotient.

Proof. We need to prove that /poS is a prime ideal. Let a,b € v/poS homogeneous.
There exists n > 1 such that (ab)” € poS. We have (a?b?/ fies(@+dee®))n ¢ ) hence
a®/ faes@) ¢ p or b?/ fd°e®) € py. This shows a € v/poS or b € v/poS.

It is easy to check that j is a bijection. It is continuous. We prove that it
is open. Consider the open subset G N D(g), where ¢ = 3>, ¢;, g; € S;. Then
J(GN D(g)) =U; D(g¢/f499)). Thus j is a homeomorphism. O

We now proceed to equip X = Proj(R) with a sheaf of rings Ox. We take
Ox(D4(f)) = R(y)- The functoriality of this assignment is guaranteed by the fol-
lowing.

Lemma 1.10.11. Assume D,(g) C D, (f). Then there exist n > 1 such that
g" = af with a € R homogeneous. Moreover, we have a commutative diagram

R Ry Ry

N |

Ry «—— Rg) ~ (R(p)) gaestn)  pacsta)
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Proof. We first show that fde(9) /gdeef) ¢ R, is invertible. If fdegla) /gdee(f) € p €
Spec(R(y)), then f € /poRgN R =p € Di(g) € Di(f), a contradiction. Thus

fgim = lin R, with some m > 1. It follows that af = g" for some n > 1. The last
part of the lemma is now clear. O

Proposition 1.10.12. For a graded ring R, the functor

{standard open subsets of Proj(R)}°® — Ring
Dy (f) = By

extends to a sheaf Ox on X = Proj(R). Moreover, (D, (f),Ox|p, () =~ Spec(R(y))
and (X, Ox) is a scheme over Spec(R).

Proof. We first verify the gluing property. Let D, (f) = U; D+ (g;). Since Dy (f) ~
Spec(R(y)) and

D+ (91) = SpeC<R(gi)> = SpeC<R(f))g?eg(f)/fdeg(gi)7

the gluing property for Ox follows from the gluing property for Ogpec(r,,,)- The last
assertion is now clear. O

Proposition 1.10.13. For all p € Proj(R), we have Ox, = R,). Here R, is the
degree 0 piece of T™'R, where T = {f € R\p homogeneous}.

Proof. We have

Ox, = colim Ry = Ry.
Xop f€R4+\p homogeneous () (»)

Here we used the fact that there exists ¢ € R, \p homogeneous and a/f = % in

Example 1.10.14. P’, ~ Proj(R), where R = Alxg,...x,|. Indeed, Proj(R) =
UDy (i), Dy(x;) = Ry = Alxj/2ilj—g, D (2:)ND(25) = Dy (zi75) = Alzg /2, v /7]
In particular, Spec(A) = PY ~ Proj(A[z]).

Example 1.10.15. Let R = Alxg,...,,| and let dy,...,d, > 0 be integers.
We define a grading on R by Ry = A and deg(x;) = d;. We call Proj(R) :=
Pa(do,...,d,) the weighted projective n-space of weights (dy,...,d,). It is
clear that Py (dy, ...,d,) = Pa(ddy, ...,dd,) for any d > 1.

Lemma 1.10.16. Proj(R) is quasi-separated.
Proof. Proj(R) = Uy D (f) and Dy (f) 1 D (g) = D+ (fg). a
In fact, Proj(R) is separated (exercise).

Proposition 1.10.17. Proj(R) is quasi-compact if and only if there exist finitely
many homogeneous elements fi,... f. € Ry such that Ry C \/(f1,..., fr)-

Proof. Proj(R) is quasi-compact if and only if a finite number of standard opens
cover Proj(R). In other words, there exist fi,...f, € R, homogeneous such that
Vi(fi,..., fr) = 0. We conclude by the next Lemma. O
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Lemma 1.10.18. Let I C R be a homogeneous ideal. Then V. (I) = () <=
R, CVI.

Proof. <. Clear.

—. Assume R, Z V/I. Then there exists f € R,\v/I homogeneous. We have
(R/I); #0, so that (R/I)(s) # 0 (since it contains 1 € (R/I)y). Thus Proj(R/I) #
(). Then there exists a homogeneous prime q of R/I satisfying q 2 (R/I),. The pre-
image of q in R is a homogeneous prime p of I satisfying p 2 R,. Thus p € V,.(I),
a contradiction. O

Functoriality

Let ¢: R — S be a homomorphism of graded rings. For q € Proj(S), ¢~!(q) is a
homogeneous prime ideal of R, but in general it may happen that ¢~*(q) 2 R,. Let

U(¢) = {a € Proj(S) | 67'(a) 2 R+}
In other words, U(¢) = Proj(S)\f~'(V(R.)), where f = Spec(¢).

U(o)

J

Proj(R) Proj(S)

! !

Spec(R) —— Spec(S),

Lemma 1.10.19.
U(g) = U D, (¢(a))

homogenous a€R

Proof. ¢7'(q) € Proj(R) <= Ja€ R ,a¢ ¢ '(q) < Ja€ Ry, ¢(a)d¢q O

The natural morphisms of schemes D (¢(a)) — D, (a) given by ¢): Ry —
S((a)) 8lue to a morphism of schemes Proj(¢): U(¢) — Proj(R).

We will give an example where Proj(¢) is defined on Proj(.5).

Let us start with a general remark on homogeneous localization. For a € R
homogenous of degree d,

R(a) = colim( Ro = Rd = Rgd c )

can be computed using R,4 for n running through any unbounded subset of N. In
particular,

o If : R — S is such that sup{n|¢,q is surjective} = oo, then ¢y: Ry —
S(é(a)) 18 surjective.

o If »: R — Sissuch that sup{n|¢,q is an isomorphism} = oo, then ¢q): Rq) —
S(4(a)) is an isomorphism.
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Proposition 1.10.20. Let ¢: R — S be a graded homomorphism such that for all
d > 1, there exists n > 1 such that ¢nq is surjective. Then U(¢) = Proj(S) and
Proj(¢): Proj(S) < Proj(R) is a closed immersion.

Proof. Let q € Proj(S). There exists b € S, homogeneous of degree d > 0, b ¢ q.
Then b" ¢ q for all n. By assumption, there exists n > 1 such that ¢,  is surjective,
and thus there exists a € Ry with ¢(a) = b". Thusa ¢ ¢'(q) and ¢~'(q) € Proj(R).
This shows U(¢) = Proj(S). Moreover, for a € R} homogeneous, Ry — S(g(a)) 18
surjective. Thus Proj(¢) is a closed immersion. ]

Example 1.10.21. For any homogeneous ideal I C R, Proj(R/I) < Proj(R) is a
closed subscheme of image V., (I). We will give a partial converse later.

Proposition 1.10.22. Let ¢: R — S be a graded homomorphism such that for all
d > 1, there existsn > 1 such that ¢pq is an isomorphism. Then Proj(¢): Proj(S) =
Proj(R) is an isomorphism.

Next we look at a different kind of functoriality.

Notation 1.10.23. For d > 1, we let R := @, R,.q denote the graded ring with
RY = Rya.

Proposition 1.10.24. We have an isomorphism of schemes over Spec(Ry)

Proj(R) = Proj(R¥)
p—pNRY.

Proof. We write Rinomog = Uisofi.  We have Proj(R) = User, om0, D+.r(f)
and Proj(R@) = User, nomes P.r@ (f?). Indeed, for g € Rgfly)homog, D, pa(g) =
D, pw (9). Observe that the inclusion R C R induces an isomorphism RE%) —
R(y), with inverse given by a/f™ +— af™@=Y/ fd This gives D, p(f) = D, ra(f%),

which patches together to an isomorphism of schemes Proj(R) = Proj(R@Y) over
Spec(Ryp). O

Remark 1.10.25. The underlying homeomorphism ¢: Proj(R) = Proj(R?) is
compatible with the continuous map Spec(R) — Spec(R?) induced by the inclusion
R C R, which is not graded for d > 1. The inverse of ¢ carries q to p = {g € R |
g% € q}. To see this, we first need to show that p is an ideal. If g¢ € g, h? € q, then
(g + h)?* € q, hence (g + h)? € q. Thus p is an ideal. It is graded, since otherwise,
writing ¢ = 32, ¢; with g; € R;, there exists g; ¢ p of lowest degree. Then g¢ € q
implies g¢ € q, a contradiction. It is clear that p is a prime and q +— p is an inverse
of «.

More trivially we can also define a graded ring R"/% where

RO/d) _ Ryja dln
" 0 dfn.

We also have Proj(RY/%) = Proj(R).
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Example 1.10.26. R = Alx,...,x,] with deg(z;) = 1 for all i. Then R? =

A[My, ..., My], where My, ... My are the monomials of degree d. We have N =

(ng”) — 1. We have a surjective graded homomorphism S = Ay, ...,yn] — R

sending y; to M;. Let I be the kernel. Taking Proj, we get a closed immersion P} =
Proj(R) ~ Proj(R@) — Proj(S) = PY. This is called the d-uple embedding.
Here are some examples of low dimension and low degree.

e n=1,d=2 P'— P2 This is a conic. R = Alu,v],
S = Alz,y, 2] - R® = Alu?, uv,v?).
The kernel is [ = (y* — xz).

e n=1,d=3, P < P2 This is a twisted cubic curve.

S = Alw, z,y, 2] = R® = A[u®, v*v, uwv?, v®].

We have I = (2% — wy,y*> — z2,wz — vy). For A = k a field, the closed
subscheme C' C IP? given by the triple embedding has codimension 2, but it is
easy to see that I cannot be generated by two elements. We say that C' is not
a complete intersection in P3.

For example, for J = (2? —wy, y*> —xz), V. (J) is not irreducible, as it contains
the line V, (z,y). For I' = (22 — wy,y® — wz?) C I, we have VI' = /I, so
that Vi (I") = V. (I) as sets: C is a set-theoretic complete intersection.

e n=1,d=4,P" — P* This is a twisted quartic curve. Consider
R = Alu*, udv, uwv®, vY] € RW = Aju?, udv, u®v?, uwv®, v¥]

We have R/ = RYW for all n > 2. Thus Proj(R) = Proj(R™). We have
Proj(R') < P3. For A a domain, R’ is not integrally closed, since (u?v?)? € R’
but v?v* ¢ R

en =2 d=2, P* < P5 This is called the Veronese embedding. R =
Alu, v, w],

S = Alyo, y1, Y2, Y3, Ya, ys) — RP = Afu?, 0%, w?, uwv, uw, vw]
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Example 1.10.27. P4(1,2,3) = Proj(A[u, v, w]), deg(u) = 1, deg(v) = 2, deg(w) =
3. It is easy to see that R® = A[ub v, w?, ulv, vw, v*v?, uvw] is generated by Rl
over A. We have thus obtained a closed immersion P4(1,2,3) < PS. This is a del

Pezzo surface (for A = k a field).
The same argument works for any finitely generated graded ring.

Lemma 1.10.28. Let R be a graded ring, finitely generated over Ry. Then there
exists d > 1 such that R\Y is generated by finitely many elements in Rgd) over Ry.
Moreover, if R = Ro[fi1,..., fr] with f; homogeneous of degree d; > 1 and m =
lem(dy,...,d.), then we can take d = sm where s is any integer > max{r — 1,1}.

Proof. Consider P = fi*--- f¢ of total degree Nm, N > r. In other words,

>.idie; =2 Nm. Then there exists 7 such that e; > I and we have P = P10,

where P, = fim/ % has degree m and @ is homogeneous of degree (N — 1)m. Thus
if N = nsm, we obtain by induction a decomposition P = P; - -+ P;,_1)sm@, where
P; € R, and Q € R,,,. Thus P can be generated by Rgd) over Ry. The finiteness is
clear. 0

Corollary 1.10.29. Let R be a graded ring, finitely generated over Ry. Then there
exists a closed immersion Proj(R) — P, for some n.

Proof. Let d be as in the previous lemma. Since R is generated by finitely many
elements of Rgd) over Ry, it is the quotient of the polynomial ring Ry[Xo, ..., X,].
This gives a closed immersion Proj(R) ~ Proj(RY) < P . O

Definition 1.10.30. We say that a morphism f: X — Y is projective if it factors
as

X —— P2 P2 xz S

N b

S

where 7 is a closed immersion and p is the projection.

Remark 1.10.31. Projective morphisms are proper.
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Base change

Let ¢: R — S be a graded ring homomorphism. We have for any a € R, homoge-
nous, a commutative diagram

D (¢(a)) —— Dy(a)

U(¢p) ——— Proj(R)

Proj(S)

Spec(Sy) — Spec(Rp)
The top most square is Cartesian and thus r is an affine morphism.

Proposition 1.10.32. Let R be a graded ring and Ry — Sy a ring homomorphism.
Let S = R®pg, Sy and ¢: R — S. Then U(¢) = Proj(S) and we have a Cartesian
square

Proj(S) —— Proj(R)

J J

Spec(Sy) — Spec(Rp)

Proof. Since RS = S, we have U(¢) = Proj(S)\V(S;) = Proj(S). Take a € Ry
homogeneous. We need to check that

Dy (¢(a)) — D(a)

| |

Spec(Sy) — Spec(Ryp)

is Cartesian. This follows from the fact that tensor product commutes with local-
ization: the diagram of rings

Siea) — B

T T

S() A — RO
is coCartesian. O]

Now let R and S be graded rings satisfying Ry = Sy = A. We will determine
the fiber product of the diagram.

Proj(R)

|

Proj(S) —— Spec(A)
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A first attempt is to consider R®4.S with grading given by (R®45)q = @, j—q Ri®
S;. But for homogeneous elements a € Ry and b € S, the map R ® S —
(R®a S)(axp) is typically not surjective.

Instead we consider the subring ROAS = @450 Ra®aSqs € R®4 S, with grading
given by (R©4 S)g = Ry ®4 Sq. We have a Cartesian square

Proj(R ©4 S) —— Proj(R)

| J

Proj(S) ——— Spec(A)

Indeed, for a and b as above, we have R,y ® Sp) >~ (R O4 S)(agb)-
The subring can be more complicated than the tensor product, as shown by the
following example.

Example 1.10.33. Let R = Alzo,...,x.], S = Alyo,...,ys]. Then R®4 S =
Alxo, ..., 2r, Yo, - .- Ys], but RO4 S = Alx;y;]o<i<r. We have a surjection
0<j<s
T = A[Zij] )
Zij 7 TilYj

with kernel I = (2;;2ijo—2ij0 2i15)i v j- This gives a closed immersion Py X gpec(a)P7y =~
Proj(R ©a S) < Proj(T) =P, where N = (r +1)(s+1) — 1 =rs+r +s. This is
called the Segre embedding.

In the case r = s = 1, we have N = 3 and the image of P! x P! — P? is the
quadric surface defined by zw — yz = 0.

Proposition 1.10.34. Projective morphisms are stable under base change and com-
position.

Proof. The stability under base change follows from the fact that closed immersions
are stable under base change: if X — S is a projective morphism and S’ — S an
arbitrary morphism, then we have a diagram with Cartesian squares

X xg 8’ % S’
L]
X g S

For the stability under composition, let X — Y and Y — S be projective morphisms
and consider the following commutative diagram with Cartesian squares:

Segre

X Py Ppn —— P x Pf —— P}
Y —— P¥ P

N

S ——— Spec(Z)
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The square in the middle is Cartesian because Py m = =P x P =P x P’ x S by
definition. Since p is projective by the Segre embeddmg, its base change P”m — S
is also projective. Thus X — S is projective. [

Definition 1.10.35. Let P be a class of schemes. P is called local if
e X cP, UC X open — UecP.
e X =U,U;,U;openand U; € P forall: — X € P.

Here are some local properties of schemes: reduced, normal, locally Noetherian,
empty.

Non-local properties: affine, quasi-compact, separated, quasi-separated, irre-
ducible, connected, integral, Noetherian.

Definition 1.10.36. Let P be a class of morphisms. We say P is local on the
source if

o (XLY)EP,U@Xopenimmersion — fojeEeP.

e Given f: X - Y, X = U,;U;, U; open and Vi, ( )eEP =
fewPp.
We say P is local on the target if
e XLY)eP, VCYopen = (f1V)LVv)enp.
o« Given f: X 5 Y,Y =U,; Vi, V; C Y open and Vi, (f2(V;) 25 V) e P —

fep.

Local on the source and the target: locally of finite type, flat, open, generizing.

Local on the target: quasi-compact, affine, closed, specializing, integral, finite,
quasi-separated, separated, proper, immersion, surjective, injective.

Not local on the target: projective.

An example of Hironaka shows that projectiveness is not local on the target.
See |H, Example B.3.4.2].

Quasi-coherent sheaves on Proj(R)

For every graded R-module M, we will construct a quasi-coherent sheaf M on
Proj(R). Recall that a graded R-module is an R-module M equipped with a
Z-grading as abelian group M = @ ., My such that RgM, C Mgy..

Given a graded R-module M and n € Z, we define a graded R-module M (n),
called the twisted module, by M(n)q = M,q. If we visualize a graded R-module
by writing down its pieces sequentially, then M (1) corresponds to a shift to the left.

Given graded R-modules M and N, the tensor product M ®z N is a graded R-
module as follows. The Ry-module M ®pg, N clearly admits a grading: (M ®pg,N)q =
@it j—a Mi®r, Nj. Then M @ N can be identified with the quotient of M ®g, N by
the graded submodule generated by am ® n — m ® an with homogeneous elements
meM,ne N,a€R.
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Homomorphisms of graded modules are required to preserve degrees. We let
GrHompg(M, N)q denote the Ry-module of graded homomorphisms M — N. (One
can define a graded R-module GrHompg(M, N) = @,, GrHom(M, N (n)) but this will
not be used in the sequel.)

For f € R, homogeneous, we let M denote the degree 0 piece of M. The
proof of the following is similar to Propositions [1.10.12f and [1.10.13]

Proposition 1.10.37. The functor

{standard open subsets of Proj(R)} — {abelian groups}
Dy (f) = My

extends to a quasi-coherent sheaf M on Proj(R) = (X, Ox). We have ]\7|D+(f) ~
My for all f € Ry homogeneous and M, = M, for all p € Proj(R). Here My is
the degree 0 piece of T™'M, T = Ugso Ra\p-

We obtain a functor
GrMod(R) — Shv(X, Ox)

M — M
It is easy to see that this functor is exact and commutes with colimits. The canonical
morphism M ®o, N — (M ®gN)~, given locally by My ®r ,, Ny = (M @rN)(y),
is not an isomorphism in general.
We have M(y) = colim( M, L My~ My ! - ), where d = deg(f).
Thus if Z C Z with sup Z = +oo, then My depends only on M,q, n € Z. This
motivates the following.

Notation 1.10.38. For d > 1, let Ug = Ueg, D+(f) € Proj(R).
We have Proj(R) = Ugsy Ug and Uy C Uy, for all n > 1.
e If Proj(R) is quasi-compact, then Proj(R) = Uy for some d.
e If R is generated by R; over Ry, then X = Uj.

—_~—

Definition 1.10.39. We define the quasi-coherent sheaf Oy (n) to be R(n). We call
Ox(1) the twisting sheaf.

Proposition 1.10.40. Let X = Proj(R). Let M and N be graded R-modules and
letneZ.

e On Uy, Ox(nd) is an invertible sheaf and the map
M ®o, Ox(nd) — M(nd)

is an isomorphism when restricted to Uy. In particular, Ox(m)®o, Ox (nd)|y, =
Ox(m + nd)]Ud, Ox(nd)’gd ~ Ox(—nd)‘Ud.

e The restriction of M ®o, N = (M @z N)™ to Uy is an isomorphism.

This boils down to the following lemmas.
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Lemma 1.10.41. For f € Ry, d > 0, we have an isomorphism Ox|p, ) —
Ox(nd)|p,(p) given by
Ry = R(nd)s)
a— f"a.

Lemma 1.10.42. For f € Ry, the canonical map Mz ®g,, Ny — (M ®@gr N)(y)
is an isomorphism.

Proof. We have Ry = Rip)[f, f~'] ~ Ry @2 Z[X, X7']. Thus (M ®pN)s ~ M;®p,
Ny o (Mpy ®@r;, Np)Lf, f71]. Thus My g ,, N is the degree 0 piece of (M ®p
N)is). =

Example 1.10.43. Consider X = P"(d,...,d) = Proj(R), where R = Alzy, ..., x,]
with deg(z;) = d > 2. For d{n, R(n);) =0, f € Ry, since the non-zero degrees of
R(n) are = —n (mod d). Thus O(n) =0 for dfn and 0 = O(1) ®p O(—1) £ O.
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Date: 10.29
Recall we have defined for each graded module M over a graded ring R, a quasi-
coherent sheaf M over X = Proj(R) satisfying M (D, (f)) = M. We want to
study the behavior of M under change of R.
Let ¢: R — S be a graded ring homomorphism. Let X = Proj(R), Y = Proj(5),
and r: U(¢) — X the morphism induced by ¢.

Proj(.S) Proj(R)

]

U(¢)

e Let N be a graded S-module. Then r*(N lu(e) = #N. Indeed, for cach a € R,
homogeneous, r*(N|U ) (D4(a)) = N(D.(¢(a))) = Ng(a))-

e Let M be a graded R-module. Then M ®p S is a graded S-module and we

have a natural morphism (M) — M ®p Slu(g), locally defined by M,y ®g,,,
Se(a)) = (Mg S)4a) on Dy (¢(a)) for a € Ry homogeneous. This is not an
isomorphism in general. However, for d > 1 and n € Z, r*(Ox (nd))|,-1 v,y —

Oy (nd)|, ~1(Uy) and r (M)’r—l(Ul) = M ®p S|r—1(U1)-

Next consider i: Proj(R) = Proj(R@). Let M be a graded R-module. Then

z*(]\/[(d/)) > M. Here M@ is the graded R@-module defined by (M), = My,. In
particular, we have :*O(n) = O(dn).

The functor I,

Since M — M commutes with colimits, it admits a right adjoint by the adjoint
functor theorem. We can describe the adjoint explicitly.

Notation 1.10.44. Given X = Proj(R) and an Ox-module F (not necessarily
quasi-coherent), we let

o I'.(F) =@,z '(X, F ®o, Ox(n));
° T*(]:) = Drez HomOX(OX(_n>a'7:)'

We denote the degree n pieces of I'y(F) and YT.(F)) by I',,(F) and T,,(F), respec-
tively.

Each a € R, induces a morphism of Ox-modules Ox(n) — Ox(n + d). This
makes I',(F) and Y,(F) into graded R-modules. The natural pairing

(F®0Ox(n)) @ Ox(—n) — F

induces a homomorphism

v: Du(F) = T (F).

If X = Uy, then vy, is an isomorphism for all n € Z.
We have defined functors I'y and Y, from Shv(X, Ox) to GrMod(R).
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Proposition 1.10.45. T T,.

Proof. We define the unit and counit

¢: M —s Y. (M)
v Y (F) — F

as follows.
For m € My,

op(m): Ox(—d) - M
is defined by
R(=d) @) =™ M)

on D, (a), a € Ry homogeneous. Here xm denotes multiplication by m.
For a € Ry, d > 0, we define

F(D+(a);¢)i T*(]:)(a) — F(D-l-(a)vf)
g/a" = g(a™")

where g € Tgn(F) = Hom(Ox(—dn),F), a™" € R(—nd) ) = I'(Dy(a), Ox(—nd)).
One verifies that this gives the expected adjunction. m

Proposition 1.10.46. Assume that X = Proj(R) is quasi-compact. For any quasi-
coherent sheaf F on X, I'.(F)~ % T,.(F)~ %) F.

Thus, for Proj(R) quasi-compact, T, induces a fully faithful functor from QCoh(X)
to the category of graded R-modules.

Proof. Since X is quasi-compact, we have X = U, for some d > 0. Then vy, is an
isomorphism for all n € Z. It follows that 7 is an isomorphism. Thus it suffices
to show that for all @ € R, homogeneous, I'(D, (a),¢¥7): T'.(F)@ — I'(D+(a), F)
is an isomorphism. Up to replacing a by a?, we may assume that d | deg(a) = m.
Note that X is quasi-compact and quasi-separated. It suffices to apply the lemma
below to the invertible sheaf Ox(m) and the section defined by a. O

Let X be a scheme, £ an invertible sheaf on X, and F a quasi-coherent sheaf on

X.

e For every f € I'(X, L), define Xy = {z € X | f, ¢ m,L,}, where m, is the
maximal ideal of the local ring Ox ,. This is an open subset of X.

o Define I',(X, L) = @50 (X, L"), T.(X, L, F) = @z, I'(X, FRLE™). Then
I'.(X, L) is a graded ring and I',.(X, £, F) is a graded I'.(X, £)-module.

Here, for n < 0, L% denotes (LY)®".

Lemma 1.10.47. Assume that X is quasi-compact. Let f € T'(X,L). Then the
canonical map
(oK F*(X,ﬁ,f)(f) — F(Xf,JT")

is injective. Moreover, if X is quasi-separated, then « is an isomorphism.
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Here I',(X, L, F)(y) is simply

colim(D(X, F) L T(X, F ®0, £) L T(X, F ®0, L52) = ...).
For £ = Ox, we recover Lemma [1.7.12

Proof. Cover X by a finite number of open affine subsets Uy, ..., U, such that L|y,
is trivial, i.e. £|y, = Ox|y,. We have a commutative diagram with exact rows

0 —— F*<X7‘Cv]:)(f) - @?:1 F*(Ui7£>F)(f) — &7 F*(UimUjvﬁ"F)(f)

ij=1
5 | J#

0 — F(Xf7f) . 69?:1 F((Ul)f>f> I @ijl F((UZ N Uj)f7f)

Since each U; is affine and L is trivial on U;, 6 is an isomorphism. This implies

that a is injective. In the case where X is quasi-separated, U; NU; is quasi-compact

and [ is injective by the previous case. It follows that « is an isomorphism in this
case. O

The bijectivity of ¢ is more complicated. We will limit our attention to the case
M = R. In this case, we have a commutative diagram

R 1.(0y)
Note that I',(Ox) is a Z-graded ring (in the notation above, I',(X, Ox(1)) is the

degree > 0 part of I',(Ox)) and ¢ is a homomorphism of Z-graded rings. By
contrast, there is no natural ring structure on Y,(Ox) in general.

Proposition 1.10.48. We have:
(1) v is an isomorphism if X = Uj.
(2) ¢ is an isomorphism if

o R=Alzg,...,x,], n>=1; or

e R is a Noetherian normal ring and ht(R;) > 2.

Part (1) of the proposition is clear since v, is an isomorphism for all n € Z in
the case X = U;. To prove part (2), we will give an interpretation of I',(Ox).

Lemma 1.10.49. Let X be a quasi-compact scheme and {F;}icr a family of quasi-
coherent sheaves. Then the natural map

€: @F(X,]—"i) — F(X,@]—'Z-)

i€l el

is injective. Moreover, if X is quasi-separated, then € is an isomorphism.
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Proof. The map € is an isomorphism for X affine. In general, proceed as in Lemma

L1047 O

Remark 1.10.50. The first (resp. second) statement of the lemma holds in fact
for any quasi-compact (resp. quasi-compact, quasi-separated, admitting a quasi-
compact open basis) topological space X and any abelian sheaf F on X.

In the case X = Proj(R), consider ¢: I',(Ox) — I'(X, A), where A = @,,cz Ox(n).
Note that A is a quasi-coherent Ox-algebra. Consider f: Spec(A) — Proj(R). The
restriction of f to D, (a) C Proj(R) can be identified with Spec(R,) — Spec(Rq)).
Thus Spec(A) can be identified with the open subscheme U = Uqer, ..., P(a) =
Spec(R)\V (R, ) of Spec(R). The following is easy to check.

Lemma 1.10.51. ep: R — I'(X,A) can be identified with the restriction map
Oy(Y) = Oy (U), where Y = Spec(R).

Proof of Proposition[1.10.48(2). Note that in both cases Proj(R) is quasi-compact,
so that € is an isomorphism. Thus it suffices to show that the restriction map
Oy (Y) = Oy (U) is an isomorphism.

Case R = Alxg,...,z,), n = 1. We have U = U, D(x;), D(x;) = Spec(R,,),
D(x;) N D(x;) = Spec(Ry,s;). The relevant rings can be compatibly regarded as
subrings Ry,...., and Oy (U) = NI, R, = R.

Case R Noetherian normal ring and ht(R,) > 2. A Noetherian normal ring is
finite product of Noetherian normal domains. The Proposition then follows imme-
diately from the following Lemma. O

Lemma 1.10.52. Let R be a Noetherian normal domain. Then R = Npypy=1 Ry
This is a consequence of Krull’s principal ideal theorem. See [M2, Theorem 11.5].

Example 1.10.53. o R = Az, I.(Ox) = Alz,27"]. In this case R — T',(Ox)
is not an isomorphism unless A = 0.

o R = k[ut,udv,uv3 vl], Proj(R) = P.. We have remarked that R is not in-
tegrally closed. The map R — I',(Ox) identifies I',(Ox) with the integral
closure of R (exercise).

The morphism f: Spec(R)\V(R,) — Proj(R) gives an interpretation of Proj(R)
as a quotient. We now give some indications towards this direction.

The affine line A’ = Spec(Z[z]) is equipped with a multiplication m: Al x
A' — A! and a unit morphism e: Spec(Z) — A!, making A' a monoid scheme.
The morphisms m and e are given by the following ring homomorphisms, called
comultiplication and counit:

Zz) = Zly| @ Z|z] Zlx] - Z
T YRz z—1

Equipped with these homomorphisms, Z|[z] is a bialgebra. The open subscheme
Gm = A\V(z) = Spec(Z|x,1/x]) is a group scheme, called the multiplicative
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group. It is equipped with the inverse morphism ¢: G,, — Gy,, which is defined by

the antipode
Zlw, 2™ — Zz, 271

x !

This makes Z[z, 27| into a Hopf algebra.
An action A' ~ X is a morphism a: A! x X — X compatible with m and e. If
X = Spec(R) is affine, then a is defined by a ring homomorphism

R — Z[z] ® R = R|x]

T Z raxd

One checks that an action of A! on Spec(R) is equivalent to a grading on R. Simi-
larly, an action of G, on Spec(R) is equivalent to a Z-grading on R. One can inter-
pret V(R,) as the fixed point locus by the action of A on Spec(R), and Proj(R) as
the quotient of Spec(R)\V (R;) by the action of Gy,.

Proposition 1.10.54. Let R be a graded ring such that X = Proj(R) is quasi-
compact and ¢: R — T'.(Ox) is an isomorphism. Then any closed subscheme of X
is defined by a homogeneous ideal of R.

Proof. Let Z C X be a closed subscheme defined by a quasi-coherent ideal sheaf
Z7; C Ox. Then I',(Zy) — I',(Ox) ~ R can be identified with a homogeneous ideal
a of R. Thus @ ~ I',(Zz)~ = Zz. Since the ideal sheaf of the closed subscheme
Proj(R/a) C X is a, we have Z = Proj(R/a) as subscheme of X. O

Corollary 1.10.55. A morphism of schemes f: X — Spec(A) is projective if and
only if there exists a graded ring R finitely generated over Ry = A such that X =
Proj(R) and f is the canonical morphism.

Proof. <=. This is Corollary [1.10.29|

= . Let X — P} — Spec(A) be a factorization. Since X is a closed subscheme
of P7, it is defined by a homogeneous ideal I C R = Az, ..., z,]. In other words,
X = Proj(R/I). O

Functor represented by Proj(R)

We are mainly interested in the functor represented by the open subscheme U; of
Proj(R). Let ¢: R — TI',(U1,0(1)) = 8,50 I'(U1, O(n)) be the canonical homomor-
phism of graded rings.

Definition 1.10.56. Let (X, Ox) be a ringed space. Let F be a Ox-module and
¥ CI'(X,F) a subset. We say that F is generated by X if

BDox - r
sEY

is an epimorphism. We say that F is globally generated if F is generated by
(X, F).
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Note that if X is a scheme (or a locally ringed space), an invertible sheaf £
is generated by X if and only if U,ex Xs = X. In particular, Op,ojr)(dn)|v, is
generated by ¢(Ryy,) for d,n > 1.

Example 1.10.57. On P, I'(P%, O(d)) = Alxo, ..., z,)qa for d > 0and I'(P}, O(—d)) =
0 for d > 1. In particular, O(—d) is not globally generated.

Proposition 1.10.58. Let Y be a scheme and X = Proj(R). Then there is a
bijection

L invertible sheaf on'Y,
Homge, (Y, U1) — < (L,7) | v: R — TW(Y, £) homomorphism of graded rings p | =
such that L is generated by ~v(Ry)
(f:Y = Uh) = [(f(OM)n), R 5 LUy, O(1)) — LY, f(O1))))],

where (L,v) = (L',7') if there exists ¢: L= L' rendering
R ——T.(X, L)
X JC
(X, L)
commutative.

Proof. We construct the inverse [(£, )] — f as follows. For a € Ry, d > 0 satisfying
D, (a) C Uy, we have a ring homomorphism

R(a) = L, (Y’ ‘C)V(a) - F(Yv(a% OY)‘

This gives a morphism Y,y — Dy(a). Since L is generated by v(R;), we have
Uaer, Y4(a) =Y. Thus these morphisms glue to a morphism f: Y — Uj. O]

Corollary 1.10.59. For X = P} = Proj(Z|zo, ..., x,]), we have a bijection

12

Homge, (Y, P7) — {(5750’ SREON L is generated by sy s

= (F(O0), frao, . fran)

L invertible sheaf on'Y,s; € T(Y, E),} /

The functor represented by Uy can be described with the help of the isomorphism
Proj(R) ~ Proj(R@). Indeed, this isomorphism restricts to Uy r =~ U r@-

Remark 1.10.60. Given a scheme Y and (L£,~), where £ is a line bundle on Y
and v: R — T'.(X, £) is a homomorphism of graded rings (without assumptions
on generation by global sections), the construction in the proof above produces a
morphism of schemes f: Y, — Proj(R), where Y, = U

a€R+,homog Y’V(a) .
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1.11 Ample invertible sheaves

Given a graded ring R, the opens D, (f) N U; form a basis for the topology on
Uy C Proj(R). Each f € Ry, d > 0 gives rise to an element ¢(f) € I'(Uy, O(d))
and Do (f)NU; = (U1)y(s)- Thus the open subsets (Uy)s, s € Ugs; I'(Ur, O(d)) form
a basis for the topology on U;. We generalize this property to arbitrary invertible
sheaves on schemes as follows.

Definition 1.11.1. Let X be a scheme and £ an invertible sheaf on X. We way
that £ is ample if

e X is quasi-compact and
o {X,|sel(X,L®) d> 1} forms a basis for the topology on X.

Remark 1.11.2. Let U = Spec(A) C X be open affine such that £ is trivial on U.
Then for s € T'(X, £L%?), X,NU = Spec(A,) is affine. In particular, if X, C U, then
X is affine. (Exercise: Show that assumption that £ is trivial can be removed.)

Lemma 1.11.3. Let X be an affine scheme. Then any invertible sheaf L on X is
ample.

Proof. Let X = Spec(A). Then L ~ M for some A-module M. The opens X,
a € A, m € M form a basis for the topology on X. Indeed, X,, € D(a) and
Umen Xm = X. ]

Lemma 1.11.4. Given d > 1, L is ample <= L®? is ample.
Proof. We have X, = X za. O]

Lemma 1.11.5. Let i: Y — X be a quasi-compact immersion. For any ample
invertible sheaf L on X, i*L is ample on Y .

Proof. We have Y-, =Y N X,. O

Theorem 1.11.6. Let X be a quasi-compact scheme and let L be an invertible sheaf
on X. Let S =T.(X,L). Then the following conditions are equivalent:

(a) L is ample.

(b) {Xs affine| s € Sy homog} s a basis for X.

() {X, affine] 5 € 5. nomeg} covers X.

(d) The morphism X — Proj(S) defined by (L,id: S — S) is an open immersion.

(e) There ezists a graded ring R, an immersion i: X — Uy C Proj(R) and d > 1
such that L& ~ *O(1).

(f) ¥ F quasi-coherent sheaf on X, U, Im(T'(X, F Qo LZ) @z LE™) — F) =
F.

(9) ¥ F quasi-coherent ideal sheaf on X, the condition in (f) holds.
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Proof. (a) = (b). This follows from Remark [1.11.2]
(b) = (c). Trivial.
(¢) = (d). We first prove that X is quasi-separated. By assumption X =
v, X, with X, affine. There exists an affine open covering X = U}, Ui such
that £ is trivial on each Up. Then X, N X, = X, = Uit (Xses; N Ur) s
quasi-compact, since X g, MUy is affine. (In fact X5, N X, is affine by the exercise
mentioned in Remark [1.11.2})

We can now apply Lemma [1.10.47| to see S5 — I'(X,, Ox). For X, affine, this
implies Xy = D, (s). Thus X — Proj(S) is an open immersion.

(d) = (e). Since X is quasi-compact, the image of the open immersion j: X —
Proj(S) in (d) is contained in Uy for some d. We take R = S@ and let i: X —
Ud7g ~ Ul,R' Then i*(OUlyR(l)) = j*(OUd,s(d)) = £®d.

(e) = (a). By the discussion at the beginning of the section, O(1)|y, is ample.
By Lemma [1.11.4] £%¢ ~ *(O(1)|y,) is ample, which implies that £ ample by
Lemma [LIT.3

(a) = (f). We have shown that (a) implies that X is quasi-separated. Thus, by
Lemma (X, L, F)s = [(X,, F) for s € (X, £%), d > 1. Elements in
['(X,, F) can be written as a = b|x, ® s, b € ['(X, F® LZ), s7" € T\(X,, L&),
Thus a is in the image of T'(X, F @ L%") @, £L2"¢ — F. Since X, forms an open
basis, F equals the union as shown in (f).

(f) = (g). Trivial.

(g) = (a). Let x € U C X be an open neighborhood of x. It suffices to
show that there exists s € S, homogeneous such that x € X, CU. Let Z = X\U
and equip it with the induced reduced closed subscheme structure. Let Z; be the
corresponding ideal sheaf. Then Zz|y = Ox|y. The assumption in (g) implies

U Im(F(X,IZ X £®n> X £®_n) — Iz) =1y.

n>1
In particular, there exists n > 1, s € I'(X,Zz ® £%") such that s, ¢ m,(Zz ®o,

L), = (L®"),, where m, C Ox, is the maximal ideal. Let i: Z — X be the

closed immersion. The exact sequence 0 Tz Ox Oy 0
induces an exact sequence

0 —— T(X,T; ® LE) —— T(X, L&) —— T(Z,iLE|y).

Regarding s as an element of I'(X,£®"), we have z € X,. The image of s in
[(Z,i*L%"|z) is zero, which implies that X, N Z =) and X, C U. O

Corollary 1.11.7. Any scheme admitting an ample invertible sheaf is separated.

Indeed, Proj(R) is separated.
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Date: 11.3
(Additional equivalent conditions have been inserted into Theorem |1.11.6])

Definition 1.11.8. We say that a scheme X is quasi-affine if X is a quasi-compact
open subset of an affine scheme.

Corollary 1.11.9. A scheme X is quasi-affine <= Ox is ample.

Proof. =>. If j: X < Spec(A) is a quasi-compact open immersion, then Ox =
J*Ospec(4) is ample.

<=. We apply the theorem above with S = @0 I'(X,Ox) = Alz], where
A = I'(X,0x). Then j: X — Proj(S) = Spec(A) is an open immersion. By
assumption, X is quasi-compact. It follows that j is quasi-compact. O
Definition 1.11.10. Let (X,Ox) be a ringed space, F an Ox-module. We say

that F is of finite type if there exists an open cover {U;} of X, integers n; > 0
and epimorphisms Of — F|u,.

Remark 1.11.11. Let F be an Ox-module of finite type.
e Every quotient of F is of finite type.

e If X is a locally Noetherian scheme and F is quasi-coherent, then every quasi-
coherent subsheaf of F is also of finite type.

Corollary 1.11.12. Let X be a scheme, L an ample invertible sheaf on X, and F
a quasi-coherent sheaf of finite type on X. Then there exists an integer ng such that
for all n = ng, F Qo L is globally generated.

Remark 1.11.13. The tensor product of two globally generated Ox-modules is
globally generated.

Proof. By Theorem (a)=-(f) and the lemma below, for any quasi-coherent
sheaf G of finite type on X, there exists e = e(G, £) > 1 such that G® L®€ is globally
generated. Let d = e(Ox, L), so that £®¢ is globally generated. For 0 < i < d,
let e; = e(F ® L% L%, so that F ® L2+ is globally generated. It follows that
F ® L2411 i5 globally generated for e > e;. Take ng = maxgc;<q{de; +i}. Then for
all n > ng, F ® L®" is globally generated. O

Lemma 1.11.14. Let (X,Ox) be a ringed space with X quasi-compact. Let F be
an Ox-module of finite type.

(1) Assume F = colime; F; with I filtered. Then there exists i such that the
canonical morphism F; — F is an epimorphism.

(2) If F is globally generated, then F is generated by finitely many global sections.

Proof. (1) For any x € X, there exist an open neighborhood U and an epimorphism
O} — Fly. Shrinking U if necessary, we can find i such that O} — Filv — Flu.
Then F;|ly — Fly. Since X is quasi-compact, we can find an ¢ € I such that
Filu = F|v holds for U running through an open cover of X. This shows F; — F.
(2) We have
F = U Im(O% — F)
3SCI'(X,F) finite
By (1), there exists ¥ C I'(X, F) finite such that O% surjects onto F. O
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Corollary 1.11.15. Let X be a scheme, L an ample invertible sheaf on X. Then
for every quasi-coherent sheaf F of finite type on X, there existsn > 1, m = 0 such
that F is a quotient of (LZ~™)™.

Proof. There exists n such that F ® £L®" is globally generated. By the lemma above,
there exist m and an epimorphism O% — F @ L%". Thus (L®")™ — F. O

Remark 1.11.16. If X is Noetherian, then the condition in the corollary is equiva-
lent to the ampleness of £. Indeed, in this case, every ideal sheaf is finitely generated.
In fact, the equivalence holds as long as X is quasi-compact and quasi-separated,
because in this case every quasi-coherent O y-module is the union of its submodules
of finite type [SP, 01PG].

Relative ampleness

Definition 1.11.17. Let f: X — S be a morphism of schemes and let £ be an
invertible sheaf on X.

e We say that £ is f-ample if f is quasi-compact and for every affine open
V C S, L]f1v) is ample.

e We say that £ is f-very ample if there exists a decomposition

X%Pg

N

where i is an immersion such that £ >~ i*Opy(1). Here Opy (1) := p*Opz (1),
where p: P% =P7 x .S — P7 is the projection.

Lemma 1.11.18. Let f: X — Y be a quasi-compact morphism of schemes and let
L be an invertible sheaf on X.

(1) If L is ample, then L is f-ample.
(2) If L is f-very ample, then L is f-ample.

Theorem 1.11.19. Let f: X — S be a morphism locally of finite type and let L
be an ample invertible sheaf on X. Then there exists d > 1 such that L% is f-very
ample.

Proof. Let R = @0 (X, £¥%). Since {X; affine | s € Ry, d > 1} forms a basis for
the topology of X and X is quasi-compact, there exists a finite cover X = U ; X,
with X, = Spec(B;) such that f(X,) C V; = Spec(A;), where V; is an affine open
of S. Since f is locally of finite type, B; is a finitely generated A;-algebra, say
B; = A[bia, ..., bin,]. By Lemma , Rs,) ~ I'(X,,;, Ox). Thus b; = fz‘j/s?ja
with f;; homogeneous of degree e;; deg(s;).

Take d such that deg(s;) | d and d > deg(f;;) for all 7, j. Let

d/ deg(s; d/ deg(s;)—eij
Y= {si/ (1), i3S " i<icn € Ry
1<j<n;
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Then X generates £%¢ since Uyex Xs 2 U; Xy, = X. Let T = Z[x;, ;5);; and
consider the ring homomorphism

T— R

d/d i
7y oy 54859

4/ deg(s:)—ei;
Tij — fz’jS‘ 7.

7

This gives a morphism of schemes X — Proj(T) = P, N = #% — 1. This induces
a commutative diagram

X " PY Py

N |

S ——— Spec(Z).

We have r~1(D(z;) x S) = X, and the restriction of r is the composition
X, = Dy(x;) x Vi = Dy(x;) x S,

where u is an open immersion and v is a morphism of affine schemes. The ring
homomorphism corresponding to v

Ty ®z Ai — B;
l’”/l’z — bij

is surjective, which implies that v is a closed immersion. Therefore, r is an immer-
sion. By construction, r*O(1) ~ £®. O

Remark 1.11.20. The conclusion of the theorem can be strengthened to the exis-
tence of an integer dy such that for all d > dy, L& is f-very ample (exercise).

Corollary 1.11.21. Let S be an affine scheme, f: X — S a morphism of finite
type, L an invertible sheaf on X. Then the following conditions are equivalent:

(a) L is ample.
(b) L is f-ample.
(c) there exists d > 1 such that L& is f-very ample.

Definition 1.11.22. We say that a morphism of schemes f: X — S is quasi-
projective if there exists a factorization

X%Pg

N

S

where 7 is a quasi-compact immersion.
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Warning 1.11.23. Our definitions of f-very ampleness and quasi-projectiveness
differ from the EGA. We will see later that being f-very ample in our sense is not
local on S.

Example 1.11.24. X =P, A # 0, n > 1. For d > 0, O(d) is very ample over
A. Indeed, if iy: P < PY denotes the d-uple embedding, then i50(1) ~ O(d). For
d < 0, O(d) has no nonzero global sections. It follows that for d < 0, Ox(d) is not
ample, because Ox(d)®" @ O(—1) = O(dn — 1) is not globally generated for any
n > 0. In summary,

very ample over A d >0

Ox(d> is {

not ample d <0.

Example 1.11.25. Let

X =P} Xspee(a) Py —— P

|

P4

with A # 0, m,n > 1. Let L, = O(a) K4 O(b) = p;O(a) ®o, p5sO(b). We have

o very ample over A a,b >0
ab 1S
b not ample a<0orb<0.
For a,b > 0, let i,: P} — PX and i,: P% — PY be the a-uple and b-uple
embeddings, respectively. Let i: P x PV — P" be the Segre embedding. Then

J
Ta X1 i
P x Pr 220 PM o PNt 5 pr

and j*O(1) ~ (i, X i) *(O(1) K4 O(1)) =~ O(a) K4 O(b). In fact, on Proj(RO 4 S) ~
Proj(R) x 4 Proj(S), we have M ©4 N ~ M X4 N, where (MO N)g=My®4 Ny.
For a < 0, we choose a section s of Py — Spec(A) satisfying s*O(1) = O and

consider the pullback

Pmt pmxPpr

I
Spec(A) —=— P

Then *(O(a) ¥ O(b)) =~ O(a), which is not ample on P™. Thus O(a) X O(b) is not

ample. The case b < 0 is similar.

Example 1.11.26. Let &£ be an algebraically closed field, C' an integral normal
k-scheme of dimension 1 and proper over k. Assume C' % Pi. We will show later
that the properness of C' implies dimy (I'(C, O¢)) < oo. Since I'(C, O¢) is an integral
finite-dimensional k-algebra, it is k itself. Let P € C be a closed point, corresponding



90 CHAPTER 1. SCHEMES

to the ideal sheaf Zp. Then Zp is an invertible sheaf. Let £L(P) := Z}5. We will show
later that £(P) is ample. Let us show that £(P) is not very ample over k.
Let i: P — C be the inclusion. We have a short exact sequence

0 Ip Oc¢ ik 0

Tensoring the above sequence with £(P), we get a short exact sequence

0 Oc L(P) ik 0

Taking global sections, we see that dimy(I'(X, £L(P))) < 2. Suppose there exists an
immersion j: C' — P(V') := Proj(Sym,(V')), where V is a finite-dimensional k-vector
space, such that i*O(1) ~ L(P). Then i corresponds to a k-linear map ¢: V —
['(X, L(P)) whose image generates L£(P). Let W = im(¢). Then dim,(W) < 2 and
i factorizes through i: C' — P(W). Then i is a closed immersion. It follows that
C ~P(W) ~ P! Contradiction.

1.12 Relative homogeneous spectrum

Let S be a scheme and let R be a quasi-coherent graded Og-algebra. A graded
Og-algebra R is and Og-algebra R equipped with a grading R = @49 R4 such
that RdRe Q Rd+e-

We define a scheme Proj(R) and a morphism 7: Proj(R) — S by gluing. If
V' CV C S are affine open subsets, we have Cartesian squares

Proj(R(V')) —— Proj(R(V)) —— Proj(R)

R

Vv’ S

Remark 1.12.1. 7 is separated.
Example 1.12.2. S = Spec(A4), R = R, where R is a graded A-algebra. Then

Proj(R) = Proj(R).

Example 1.12.3. Let A be a quasi-coherent Og-algebra. Then Proj(Alz]) =
Spec(A).

Example 1.12.4. Proj(Og|xo, ..., x,]) = PL.

Example 1.12.5. Let £ be a quasi-coherent Og-module. Then P(E) := Proj(Sym(E))
is called the projective bundle over S associated to £. (In the literature, £ is
sometimes assumed to be locally free.)
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Date: 11.5
The following treatment of O-modules is based on a method of Berthelot [SGAG,
VI 2].

Quasi-coherent sheaves on Spec(.A)

Let S be a scheme, A a quasi-coherent Og-algebra, and 7: X = Spec(A) — S.
We have 7,(Ox) = A, which gives by adjunction a morphism of sheaves of rings
(my)f: 7' A — Ox on X. The morphism (m)* is flat. To see this, let V = Spec(B)
be an affine open of S and let A|, = ;1, where A is a B-algebra. Then, the stalk of
(my)* at p € Spec(A) is the localization (771 A), ~ A, — A, ~ Ox,. Here g = pNB.

The morphism 7, when regarded as a morphism of ringed spaces, can be decom-
posed into (X, Ox) = (S, A) = (S, Og). The morphism of ringed spaces my induces

a pair of functors Shv(X, Ox) W:’ Shv (S, A) , where f M = 17" M ®,-14 Ox.
4

Proposition 1.12.6. (1) my A T and 7} is evact.

(2) The functors induce equivalences of categories

QCoh(X, Ox) === QCoh(S, A)
Ty

quasi-inverse to each other. Moreover, for M € QCoh(S,A) and V C S an
affine open, 7 (M)|z-—1v = M(V).

Proof. (1) This holds for any flat morphism of ringed spaces.

(2) That m, carries quasi-coherent Ox-modules to quasi-coherent A-modules
follows from the lemma below. The proof of the other statements is similar, by
choosing a presentation locally. O]

Lemma 1.12.7. An A-module M is quasi-coherent as A-module <= M is quasi-
coherent as Og-module.

Proof. =. Locally, M ~ Coker(A®! — A%’). Since A is a quasi-coherent Ox-
module, so is M.

<. We may assume S = Spec(B). Then M = M, where M is a B-module,
and A = A, where A is a B-algebra. The A-module structure on M induces an
A-module structure on M. Choose a presentation

. p— LY M 0.

This induces an exact sequence

/2 p— 2 M 0.

Thus M is quasi-coherent as A-module. H
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Quasi-coherent sheaves on Proj(R)

Let S be a scheme and let R be a quasi-coherent graded Og-algebra. Let m: X =
Proj(R) — S be the canonical morphism.

Definition 1.12.8. A graded R-module is an R-module M equipped with a
Z-grading M = @,,cz M,, such that RgM, C Myy..

Let QCohGr(S,R) denote the category of quasi-coherent graded R-modules.
Consider the functor

QCohGr(S,R) — QCoh(X)
M= M

where M is constructed by gluing: for every open affine subset V' C S, M lr-1v)

e~

M(V). Note that M(V) = @,,cz M, (V).
Definition 1.12.9. Ox(n) = 75(\71/)

We now proceed to extend the functor M — M to graded modules that are not
necessarily quasi-coherent. We have a morphism of Z-graded Og-algebras

R — @ W*Ox(n)
nez
given locally on an affine open V' C S by ¢,: R,(V) — (7 1(V),O(n)). Recall
that 7=1(V) ~ Proj(R(V)). By adjunction, we obtain a morphism of Z-graded
sheaf of rings
7T71,R, — @ Ox(n),
ne”Z
which is flat as in the case of Spec(.A).
We consider the following categories and functors:

(o)1 -
/\ h

Shv(X, Ox) T GrShv(X, @,cz Ox(n)) C@GrShv(S, R)
(o)r T

The functor ( )y are obvious. The functor 7 is defined by 7% (P,cz Fn) =
@D,.cz T Fn. For M € GrShv(S,R),

mM =1 "M@ r (P Ox(n)).

ne”L

For F an Ox-module,
F(o), := @f@ox Ox(n),

neL

F(o), := P Homo, (Ox(—n),F).

neL
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We have adjunctions
(@) =4 ()ot(e) A

In particular, we have a canonical natural transformation v: F(e); — F(e),. For
d>1,let Uy := Uy, Dy(V,s) where V runs through affine opens of S and s runs
through elements of R4(V). Then vy, is an isomorphism on Uy, for all n € Z.

By composition, we obtain functors

E*
Shv(X, Ox) <——> GrShv(S, R)
~_ 7
I*
For M € GrShv(S,R),
M = (1 M)o.

This extends the definition of ~ on QCohGr(S,R). For F € Shv(X, Ox),

L(F) = P m(F @0y Ox(n)),

Y. (F) =@ rHomo, (Ox(—n), F).

nez

We denote by v: I', — T, the natural transformation induced by v: (e); — (e),.
Proposition 1.12.10. (1) ~ -4 7Y, and ™~ is ezxact.

(2) Suppose that w is quasi-compact. For F € QCoh(X,Ox), we have I',(F) €
QCoh(S,R) and

2o

L(F)~

Proof. (1) is clear. For (2), the quasi-coherence is clear. The last statement follows

from the corresponding result for Proj (Proposition [1.10.12]). O
Corollary 1.12.11. The functor X, : QCoh(X) — GrShv(S,R) is fully faithful.

Proposition 1.12.12. Let £ be a locally free Og-module of rank > 2 and let
m: P(E) — S. Then the morphism R — L.(Opg)) is an isomorphism, where
R = Sym(E). In other words, the morphism Sym(E) — @,cz T (Opiey(n)) is an
isomorphism.

In particular, 7,0pey(n) =0 forn <0, 1,0 ~ Og, and m,(Ope)(1) = £.

Proof. We reduce to the case where S is affine and £ is a free module. In this case,
P(E) is a projective space and Proposition [1.10.48(2) applies. ]
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Functor represented by Proj(R)

Let R be a quasi-coherent graded Og-algebra and let U; C Proj(R) be the open
subscheme as above.

Proposition 1.12.13. Let f: Y — S be a morphism of schemes. Then we have a
bijection

(L,v) |L invertible sheaf on'Y

Homg(Y, U) PN v: f'R — G?O,C@” homomorphism of graded Oy -algebras / =~
N TRy — L
* vy 9 (0luy) «
g (g°0(1), f'R =25 P g O(n))
nez

where (L,7) ~ (L',~) if there exists c: L ~ L' rendering

F*R —— @0 LE"
@nZO £/®n
commutative. Here p: ™R — @,50 Ox(n) denotes the canonical morphism.
Corollary 1.12.14. Let £ be a quasi-coherent Og-module. Then we have a bijection

. L L invertible sh Y
HomS(Y,IP)(E))@{( ,71) | £ invertible sheaf on }/:

v1: f*E€ = L homomorphism of Oy -modules

Example 1.12.15. Let k be a field and let V' be a k-vector space. Then we have
bijections
P(V) (k) <% {quotients of V of dimension 1}
& {hyperplanes of V'}

The functor represented by the projective bundle P(€) should be compared to the
functor represented by the vector bundle V(&) = Spec(Sym(€)). For any morphism
f:Y = S, we have

Homg(Y,V(€)) ~ Homp, (Sym(E), f.Oy) ~ Homp, (f*E, Oy).
In particular, for Y = S, we have
Homg (S, V(E)) ~ Homp, (€, Oy).

If £ is locally free, then Homg(S,V(E)) ~ T'(S,€Y). In words, sections of the
morphism 7: V(£) — S correspond to sections of the sheaf £V.

The S-scheme P(€) classifies quotients of £ locally free of rank 1. More generally,
we have the following.
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Theorem 1.12.16. Let £ be a quasi-coherent Og-module and let r > 0 be an integer.
Then there exists an S-scheme Grass,(E), called the Grassmannian, equipped with
a functorial bijection

Hom(Y, Grass,(£)) ~ {quotients of f*E that are locally free of rank r}.

Moreover, the morphism

Grass,(£) — IP’(/T\ )
('€ = F) s (F(NE) = A F)

s a closed immersion, called the Pliicker embedding.
The proof is a good exercise. See |GD)| 9.7, 9.8].
Remark 1.12.17. Grass;(€) = P(E).

Functoriality

Let ¢: R — R’ be a morphism of quasi-coherent graded Og-algebra. Let U(¢) =
UD4(V,¢(s)), where the union is taken over all V' C S affine open and s € R,.(V)
homogeneous. We have a commutative diagram

U(¢) —— Proj(R)

J |

Proj(R') — S

where r is an affine morphism.

Base change

Let R be a quasi-coherent graded Og-algebra and let f: .S" — S be a morphism of
schemes. Then we have a Cartesian square

Proj(f*R) —— Proj(R)
|’ |
s’ % S

For any quasi-coherent graded R-module M, we have f’ M = F‘T\/l
Let R and R’ be quasi-coherent graded Og-algebras. Then we have a Cartesian
square

P1oj(R ©o4 R’) _r, Proj(R)

- |

Proj(R') —— S
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Here RQp, R’ := Da>0 Ra Rog R.,. For a quasi-coherent graded R-module M and
a quasi-coherent graded R'-module M’ we have

(./\/l Qog M/)N ~ Mv Xg ./\7 = p*Mv Q0 p/*M.
Here M ©py M := @iz Ma R0y M), and X" = Proj(R o4 R').

Example 1.12.18. Let £ and &£ be quasi-coherent Og-modules. Then we have
Sym(€ ®og £') = Sym(€) Op, Sym(E’), which induces a closed immersion P(£) x g
P(E") — P(€ ®p, £'). This is called the Segre embedding and generalizes the
Segre embedding for the product of two projective spaces.

Example 1.12.19. Let R be a quasi-coherent graded Og-algebra. Let £ be an
invertible sheaf on S and let R’ = Sym(L) = @yso LZ?. Then R” = R Opy R’ =
Daso Ra @ L. We have a Cartesian square

Proj(R") —2— Proj(R)

r\y

P(L) — ™3 S

Note that 7’ is an isomorphism, because it is so locally. Thus p: Proj(R") —
Proj(R) is an isomorphism. We have Op(z)(d) = 7 L% and Ox»(d) = p*Ox(d) ®
7" L% where X = Proj(R), X" = Proj(R").

Proposition 1.12.20. Let R be a quasi-coherent graded Og-algebra generated by
R1 over Og and let m: X = Proj(R) — S. Suppose that Ry is a Og-module of finite
type. Then

(1) m is proper.

(2) If S is quasi-compact and L is an invertible sheaf on S such that Ri ®ogq
L is generated by global sections, then Ox (1) ®o, 7L is m-very ample. In
particular, if S admits an ample invertible sheaf, then m is projective.

Note that the condition on generation by R, implies that the morphism Og — R,
is an epimorphism of sheaves of sets.

Proof. (1) The problem being local on S, we may assume S affine. Then 7 is
projective and thus proper.

(2) Let £ be an invertible sheaf on S such that Ry ® L is generated by globally
sections. In the case where S admits an ample invertible sheaf M, we can take

L to be M®? for some d. Since S is quasi-compact, there exists an epimorphism
0¥ — Ry ® L. The morphisms of Og-algebras

Sym(O%™) — Sym(R; ® L) — R © Sym(L)

are epimorphisms of Og-modules. The composition induces a closed embedding
i: Proj(R) — Proj(R’), where R = R © Sym(L), that fits in the commutative
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diagram
Proj(R) <—— Proj(R) ~— P%
\ S,
We have ’i*OPg(l) ~ Oproj(rn) (1) = p*Oprojiry (1) @7 L. Let f =iop~': Proj(R) —
]P)gv Then f*Opg(l) >~ O%(R)(l) & L. ]

Remark 1.12.21. Let 7: X — S be a morphism of schemes. If £ is w-very ample,
then L is globally generated. Indeed, O]}Dg(l) is globally generated. Conversely, if 7
is an isomorphism, S is quasi-compact and L is globally generated, then L is m-very
ample by the preceding proposition. Thus very ampleness is not local on S.

Remark 1.12.22. A morphism of schemes f: X — S is said to be EGA projec-
tive if there exists a decomposition

X —— P&

G

where 7 is a closed immersion and £ is a quasi-coherent Og-module of finite type.

Blowing up

Definition 1.12.23. Let S be a scheme, Z C Og a quasi-coherent ideal sheaf
which defines a closed subscheme Z. Consider the quasi-coherent graded Og-module
R =®,50I", where I' = Og. Then

X =Proj(R) & S

is called the blowing up of S along Z (or with center Z, or in Z). The closed
subscheme 771(Z) C X is called the exceptional divisor.

On an affine open Spec(B) = V C S, we have Z|y = I where I C B an ideal,
and 77H(V) = Proj(®,>0 ["), where I° = B. We have 7= 4(V) = U,e; D+ (V,aW),
where for a € I, a®¥) denotes a viewed as an element of Ry(V) = I. We have
Do (V,a™W) = Spec(B[4]), where B[] := (@, I") 4 is called the affine blow up
algebra. Elements of B[] are of the form z/a", z € I" and z/a" = y/a™ if and
only if there exists k such that a*(a™z — a™y) = 0.

We will discuss divisors more thoroughly later in the course. Here we limit our
attention to effective Cartier divisors.

Definition 1.12.24. An effective Cartier divisor on a scheme X is a closed
subscheme D C X whose sheaf of ideals Zp is invertible.

Lemma 1.12.25. Let D C X be a closed subscheme. Then D is an effective
Cartier divisor if and only if every x € X admits an affine open neighborhood
x € U = Spec(A) such that U N D = Spec(A/(f)), where f € A is a non zero-

divisor.
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Proof. An ideal I of A is free of rank 1 if and only if I is generated by a non
zero-divisor of A. O

Lemma 1.12.26. Let D C X be an effective Cartier divisor. Then j: X\D — X
is schematically dense. Namely, j°: Ox — J«(Ox\p) is a monomorphism.

Proof. Locally, j corresponds to the ring homomorphism A — Ay, where f € A is
a non zero-divisor. The ring homomorphism is clearly injective. O

Remark 1.12.27. Let D, and Dy be two effective Cartier divisors on X with ideal
sheaves Zp,, Zp,, respectively. Then the natural morphism Zp, ®o, Zp, — Zp,Zp,
is an isomorphism. (Indeed, it is by definition an epimorphism of sheaves of Ox-
modules and the morphism Zp, ® Zp, — Ox is a monomorphism by flatness.) We
define the sum of the two divisors Dy + Dy as the subscheme defined by Zp,Zp,.
Then CaDiv, (X) = ({effective Cartier divisors on S}, +) is a commutative monoid.

Proposition 1.12.28. Let Z C S be a closed subscheme and let X be the blowing
up of S along Z. Then

(1) wlr1s\2): 7 H(S\Z) = S\Z is an isomorphism.
(2) E =7"YZ) is an effective Cartier divisor with Ty = Ox(1).
Proof. (1) The construction being compatible with restriction to open subschemes,

we may assume Z = (). Then 7, = Ox and X = Proj(6,o Os) = PY ~
(2) Let R = @,,50Z". We have

Ir =IR = (P I,

n=0
0(1) =R(1) = (P "),
n>—1
They are isomorphic as sheaves. O

Proposition 1.12.29 (Universal property of blowing up). Let Z C S be a closed
subschema and let X be the blowing up of S along Z. Let f: Y — S be a morphism
of schemes such that f~1(Z) is an effective Cartier divisor on Y. Then there exists
a unique g: Y — X such that f = mg.

Proof. Existence. Let Z be the ideal sheaf of Z and let D = f~1(Z). Then
Ip = [~YZ)Oy. We have epimorphisms v,: f*Z" — I8 = Z5", which induces
a morphism of graded Oy-algebras v: f*(@®,>0Z") = Bpso Zp". This corresponds
to an S-morphism g: Y — X.
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Uniqueness. Suppose there are two S-morphisms ¢,¢': Y = X. Let E be their
equalizer:

E——Y ==X E Y
Xlﬂ J l(gvg’)
IS X <25, X xg X

Since 7 is separated, E is a closed subscheme of Y. Moreover, since 7 is an isomor-
phism on 7~ !(S\Z), we have E D f~!(S\Z) as subschemes. Since Y\f1(Z) =YV
is schematically dense in Y by Lemma [1.12.26| so is £. Therefore, £ = Y and
g=14d. ]

Corollary 1.12.30. Let Z C S be a closed subscheme, f: S" — S a morphism of
schemes, m: X — S the blowing up of S along Z, and ©': X' — S’ the blowing up
of S along f~Y(Z). Then there exists a unique g: X' — X such that mg = fr':

Moreover,
(a) If f is a closed immersion, so is g.
(b) If f is flat, then the square is Cartesian.

Proof. The existence and uniqueness of ¢ is follows from the universal property of
blowing up.

For (a), we may assume S’ = Spec(Os/J), where J C Og is an ideal sheaf. Let
T C Og be the ideal sheaf of Z. Then the ideal sheaf of f~%(Z) is ZJ/J. Then
the canonical morphism @,5¢Z" = @,50Z"J/J is an epimorphism as sheaves of
Os-modules and the corresponding morphism X’ — X is a closed immersion.

For (b), we need to show that the morphism X’ — X Xxg S’ is an isomorphism.
Since f is flat, we have f*(Z") ~ f~1(Z")Og. Thus X’ =~ Proj(B,>¢ f~(Z")Os/) ~
Proj(@,>0 [*(I")) ~ X xg 5. O

Definition 1.12.31. In case (a), X’ is called the strict transform of S’

Remark 1.12.32. The exceptional divisor of the blowing up of a scheme S along a

closed subscheme Z defined by the ideal sheaf 7 is E = Proj(R/ZR) ~ Proj(®,50 Z"/I").
This is a closed subscheme of P(Z/Z?) and is sometimes called the projective nor-

mal cone of Z C S. Here R = @,>0Z".

Example 1.12.33. Let S = A"} = Spec(B), where B = A[xy,...,z,]. Let Z be the
closed subscheme defined by I = (z1,...,x,). Let X = Blz(S) = Proj(R), where
R =@®,>01". We have the surjective homomorphism

B[ylu---7yn] — R
(1)

i

Yir— T
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which gives a closed immersion X < ]P’Xil. We have R ~ By, ..., ynl/(ziy; —x;y;).

The exceptional divisor E ~ Pt

For S = A2, the strict transforms of lines ¢ through the origin are disjoint. The
intersection of the strict transform of ¢ with the exceptional divisor is given by the
slope of /.

Let B' = Alz,y]/(y* — 2*(z + 1)). The blowing up of B’ in (z,y) is B[Z] =
Alr,2]/(2* — (x + 1)), where z = y/x. By contrast, the blowing up of B" in () is
B’, because x € B’ is a non zero-divisor. We see that blowing up depends on the
closed subscheme and not only on the closed subset.
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Cohomology of Quasi-coherent
Sheaves

Date: 11.17
2.1 Homological algebra

We will give a brief introduction to derived categories and derived functors and refer
to [GM] and [Z, Chapter 2] for more complete treatments.

Let A and B be abelian categories and let F': A — B be a left exact functor.
For any short exact sequence

0—=-X—-Y—=>2—-0
in A, we have, by the left exactness of F', an exact sequence
0—=FX —FY - FZ

in B. Under suitable conditions, we can define additive functors R"F': A — B,
1 > 1, called the right derived functors of F', such that the exact sequence in B
extends to a long exact sequence

0> FX —>FY -FZ >R FX 3 RFY - RFZ—---
— R'"FX - R'FY - R'"FZ — ---.

Roughly speaking, the right derived functors measure the lack of right exactness
of F. The functors can be assembled into one single functor RF': D*(A) — D*(B)
between derived categories.

Recall that an object I of A is said to be injective if Hom4(—,): A°® — Ab
is exact. Assume that A admits enough injectives (namely, every object of A can
be embedded into an injective object of A4). Then every object X of A4 admits an
injective resolution of X, namely an exact sequence

0o XSy ..
with I injective. Then RF X is computed by the complex
FI: o0 FI0 2 ppt 24,

and R'F X is computed by the i-th cohomology of RFX: ker(Fd')/im(Fd'™).

101
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Definition 2.1.1. Let A be an additive category. A (cochain) complex in 4
consists of X = (X" d"),ez, where X™ is an object of A, d%: X" — X"t is a
morphism of A (called differential) such that for any n, d¥"'d% = 0. The index
n in X" is called the degree. A (cochain) morphism of complexes X — Y
is a collection of morphisms (f"),cz of morphisms f": X™ — Y™ in A such that
dif* = frrdh. We let C'(A) denote the category of complexes in A.

Note that C'(A) is an additive category. We have (X @ Y)" = X" ® Y™ and the
zero complex 0 with 0" = 0 is a zero object of C'(A).

Let A be an abelian category. Then C(A) is an abelian category as well, with
Ker(f)" = Ker(f") and coker(f)™ = coker(f").

Definition 2.1.2. Let X be a complex in A. We define

Z"X = Ker(d%: X" — X",
B"X =im(dy': X" — X",
H"X = coker(B"X — Z"X),

and call them the cocycle, coboundary, cohomology objects, of degree n.

The letter Z stands for German Zyklus, which means cycle. We get additive
functors
Z" B", H": C(A) — A,

with Z" left exact.
Definition 2.1.3. A complex X is said to be acyclic if H"X = 0 for all n. A

morphism of complexes X — Y is called a quasi-isomorphism if H"f: H"X —
H"™Y is an isomorphism for all n.

We will soon define the derived category D(A) of A. Roughly speaking, D(.A)
is C'(A) modulo quasi-isomorphisms. Let F': A — B be an additive functor. Then
F induces C(F): C(A) — C(B) (also denoted by F'). If F' is exact, then C(F)
preserves quasi-isomorphisms and induces a functor D(A) — D(B). For the general
case, it is convenient to introduce an intermediary between C'(A) and D(A).

Let A be an additive category. Let X and Y be complexes in 4. We let

Hb(X,Y) = [] Homa (X", Y"1

denote the abelian group of families of morphisms A = (h": X™ — Y1), cz. Given
h, consider f" = d'h" 4+ B d% : X™ — Y. We have

dy f" = dy Ny Rt 4 dy ht Ty = dp RNy = dyht T Y 4 R Y = Y

Thus we get a morphism of complexes f: X — Y. We get a homomorphism of
abelian groups

(211) Ht(X, Y) — HOIIIC(A)(X, Y)
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Definition 2.1.4. We say that a morphism of complexes f: X — Y is null-
homotopic if there exists h € Ht(X,Y) such that f* = d% 'h" + " Fld%. We
say that two morphisms of complexes f,g: X — Y are homotopic if f — g is
null-homotopic.

Lemma 2.1.5. Let f: X =Y, g: Y — Z be morphisms of complexes in A. If f
or g is null-homotopic, then gf is null-homotopic.

Proof. If f = dh + hd for h € Ht(X,Y), then gf = gdh + ghd = d(gh) + (gh)d,
where gh € Ht(X, Z). The other case is similar. O

Definition 2.1.6. We define the homotopy category of complexes in A, K(A),
as follows. The objects of K(A) are objects of C'(A), that is, complexes in A. For
complexes X and Y, we put

Homp (X, Y) = coker(Ht(X, Y) Home (X, Y)).

In other words, morphisms in K(A) are homotopy classes of morphisms of com-
plexes.

Remark 2.1.7. The category K (A) is an additive category and the functor C'(A) —
K (A) carrying a complex to itself and a morphism of complexes to its homotopy
class is an additive functor.

Definition 2.1.8. Let A be an abelian category. We call D(A) = K(A)[S™] the
derived category of A, where S is the collection of quasi-isomorphisms in K(.A).

By definition, objects of D(.A) are complexes in A and morphisms are equivalence
classes of zigzags of morphisms of K(.A)

where each < represents an element of S. One advantage of defining D(A) as a
localization of K (A) instead of C'(\A) is that left and right calculus of fractions holds:

Homp(4)(X,Y) ~ colim Home(X,Y')~ colim Home(X",Y).

(Y',s)€Sy, (X/,S)ES(/)E(

In general, D(A) does not have small Hom sets, even if A has small Hom sets. See
however Remark [2.1.35] below.

The categories K(A) and D(A) admit an additional structure, making them
triangulated categories. To introduce this structure, we need a couple of con-
structions.

Let A be an additive category.

Definition 2.1.9. Let X be a complex and let k£ be an integer. We define a complex
X[k] by X[k]® = X" and dyp = (—=1)*d’x**. For a morphism of complexes
f: X =Y, wedefine f[k]: X[k] — Y[k] by f[k]" = f***. The functor [k]: C(A) —
C(A) is called the translation (or shift) functor of degree k.

The sign in the definition of X [k]| will be explained after the following definition.
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Definition 2.1.10. Let f: X — Y be a morphism of complexes in A. We define
the mapping cone of f to be the complex Cone(f)" = X[1|"®Y" = X" g y"

with differential )
n _(dxy 0\ _ (—d¥ 0
Cone(f) f[l]n d?/ fn+1 dT}L/ .

x x —d¥ e
Intuitively, for cXlapyn av = X .
vely. <y> Cone(f) Y fn+1l. + d?}l/y

Note that the sign in the definition of the differential of X[1] makes Cone(f) a
complex:

g gt (AT 0 [=dy o 0 ) A d 0\ _,
Cone(f)“Cone(f) — fn—i—l dgl/ fn dgfl - dgz/fn_fn—&—lan d@dgfl = U.

Example 2.1.11. If X and Y are concentrated in degree 0, then Cone(f) can be
0
identified with the complex X° L Y0 concentrated on degrees —1 and 0.

Triangulated categories

Given a category D equipped with a functor X +— X][1]|, diagrams of the form
X =Y — Z — X[1] are called triangles. It is sometimes useful to visualize such

diagrams as
A
RN
X Y

A morphism of triangles is a commutative diagram

X Y 7 X[1]
L
X —=Y —7 — = X"1).

Such a morphism is an isomorphism if and only if f, g, h are isomorphisms.

Definition 2.1.12 (Verdier). A triangulated category consists of the following
data:

(1) An additive category D.

(2) A translation functor D — D which is an equivalence of categories. We
denote the functor by X — X[1].

(3) A collection of distinguished triangles X — Y — Z — X[1].

These data are subject to the following axioms:
(TR1)

e The collection of distinguished triangles is stable under isomorphism.
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e Every morphism f: X — Y in D can be extended to a distinguished triangle
xLy >z xn).

idx

e For every object X of D, X — X — 0 — X][1] is a distinguished triangle.

(TR2) A diagram X Lyszhx [1] is a distinguished triangle if and only
if the (clockwise) rotated diagram ¥ % Z 2% X[1] iUN Y[1] is a distinguished
triangle.

(TR4) Given three distinguished triangles

xLyvLuls xp,

Y& 725w v,
X2z =5 v xn,

with h = gf, there exists a distinguished triangle U - V Sw U [1] such that
the following diagram commutes

\/\/\/
\/\V

This notion was introduced by Verdier (see his 1967 thesis of doctorat d’Etat
[V]). Some authors call the translation functor the suspension functor and denote it
by ¥. (TR4) is sometimes known as the octahedron axiom, as the four distinguished
triangles and the four commutative triangles can be visualized as the faces of an
octahedron.
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Date: 11.17

Remark 2.1.13. The original definition included an axiom (TR3): Given a com-
mutative diagram

Xyt z kX[

\
fl ig ' J/f[l}
Sy ,

X ey Lz X

in which both rows are distinguished triangles, there exists a dotted arrow rendering
the entire diagram commutative. Note that we do not require the dotted arrow to
be unique.

May [M3, Section 2| observed that this axiom can be deduced from (TR1) and
(TR4). Indeed, by (TR1), we may extend gi = ¢’ f to a distinguished triangle

X Zy oz B xq.

Applying (TR1) to g and (TR4) to the distinguished triangles with bases g, i, and gi,
we get a morphism Z M. 7" such that I j=j"g and k = K"h’. Similarly, applying
(TR1) to f and (TRA4) to the distinguished triangles with bases f, ¢/, and gi, we get
7" ™y 7 such that j' = h"j" and fILK" = K'h”. Tt suffices to take h = h"h'.

Corollary 2.1.14. Let X Ly %75 X|[1] be a distinguished triangle. Then
gf =0.

Proof. By (TR1), X X 50— X|[1] is a distinguished triangle. By (TR3),
there exists a morphism 0 — Z such that the diagram

idx

(2.1.2) X X 0 X[1]
\
idxl lf [ lidxu]
f g !
X Y A X[1]
commutes. The commutativity of the square in the middle implies gf = 0. [

Proposition 2.1.15. Let D be a triangulated category. Let W be an object of D
and let X LY % 7 — X[1] be a distinguished triangle. Then the sequences

Homgp (W, X') — Homp(W,Y) — Homp (W, Z),
Homp(Z, W) — Homp(Y, W) — Homp(X, W)

are exact.

If D has small Hom sets, then the proposition means that the functors
Homp(W,—): D — Ab, Homp(—,W): D°* — Ab

are cohomological functors.
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Proof. Let us show that the first sequence is exact, the other case being similar.
Since gf = 0, the composition is zero. Thus it suffices to show that for j: W — Y
satisfying gj = 0, there exists : W — X such that j = fi. Applying (TR1), (TR2),
(TR3), we get the following commutative diagram

_idW[l]

W ——s 0 —— W] —=W[1]

\
lj l i[1] lj[l}
¥

y ez xp My,
O
Corollary 2.1.16. Let
X Y Z X[1]
T

be a morphism of distinguished triangles. If f and g are isomorphisms, so is the
third one.

Thus triangles extending a morphism X — Y are unique up to non-unique
isomorphisms.

Proof. Let W be any object of the triangulated category. Then we have a commu-
tative diagram

Hom(W, X) — Hom(W,Y) — = Hom(W, Z) — Hom(W, X[1]) — Hom(W, Y[1])
\LHom(W,f) iHom(VV,g) \LHom(W,h) \LHom(W,f[l]) \LHom(W,g[l])

Hom (W, X’) —— Hom(W,Y’) —— Hom (W, Z') — Hom(W, X'[1]) — Hom(W, Y’[1])

with exact rows. By the five lemma, Hom(W, h) is an isomorphism. Therefore h is
an isomorphism by Yoneda’s lemma. O]

Corollary 2.1.17. In a distinguished triangle X Ly 575 X[1], f is an
isomorphism if and only if Z is a zero object.

Proof. Applying Corollary [2.1.16| to the diagram ([2.1.2]), we see that f is an isomor-
phism if and only if A is an isomorphism. O

Definition 2.1.18. Let D and D’ be triangulated categories. A triangulated
functor consists of the following data:

(1) An additive functor F': D — D',

(2) A natural isomorphism ¢y : F(X[1]) ~ (FX)[1] of functors D — D'.
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These data are subject to the condition that F' carries distinguished triangles in D
to distinguished triangles in D’. That is, for any distinguished triangle

xLy&z=5x)

in D, FX L py 1% pz 222Ih, (FX)[1] is a distinguished triangle in D'

Let (F,¢),(F',¢'): D — D’ be triangulated functors. A natural transforma-
tion of triangulated functors is a natural transformation o: F' — F” such that
the following diagram commutes for all X:

F(X[1]) 2 (FX)[1]
a(X[lDl la(X)[l}
F(X[1]) 2 (FX)1).

Derived categories

Let A be an additive category. We equip K (A) with the translation functor X —
X[1] in Definition We say that a triangle in K(A) is distinguished if it
is isomorphic to a standard triangle, namely a triangle of the form X Ly &
Cone(f) & X[1], where i and p are the canonical morphisms. If A is abelian, we
equip D(A) with the translation functor X — X|[1] in Definition and we say
that a triangle in D(A) is distinguished if it is isomorphic to a standard triangle.

Theorem 2.1.19. Let A be an additive category.
(1) K(A) is a triangulated category.

(2) If A is abelian, then D(A) is a triangulated category and the functor Q: K(A) —
D(A) (equipped with the trivial natural isomorphism Q(X[1]) = (QX)[1]) is a
triangulated functor.

For a proof, see for example [Z, Chapter 2].
We define naive truncation functors

o=": C(A) — C(A), =" C(A) — C(A)

by (e="X)™ = X™ for m < n, (¢5"X)™ = 0 for m > n and (0="X)™ = X™ for
m >n, (0="X)™ =0 for m < n.

Let A be an abelian category. The morphisms H"X — H"o0<"X, H"0="X —
H" X are not isomorphisms in general. Moreover, if f: X — Y is a quasi-isomorphism,
oSf: 05" X — oY and 02" f: 02" X — 0="Y are not quasi-isomorphisms in
general. To remedy this problem, we introduce the following truncation functors.

Definition 2.1.20. Let X be a complex. We define

n—1

75X = (o= X! KX 50 ),
PEX = (50— XT/BUX B Xy,
Here X" /B"X denotes coker(dy ').
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We obtain functors

= 2 C(A) — C(A),
with 75" left exact and 72" right exact.

Remark 2.1.21. The morphism 75"X — X induces an isomorphism H™7<"X —
H™X for m <n and H"r<"X = 0 for m > n. The morphism X — 72X induces
an isomorphism H™X — H™7="X for m > n and H™7="X = 0 for m < n. The
functors 7=" and 7" preserve quasi-isomorphisms.

Remark 2.1.22. For a < b, we have 75720 X ~ 72070 X and we write 7*% X for
either of them. We have 7" X ~ (H"X)[—n).

The functor H" is neither left exact nor right exact in general. However, it has
the following important property.

Proposition 2.1.23. Let 0 — L Iy M % N = 0 be a short exact sequence of
complexes. Then we have a long exact sequence

n n n+1 n+1
oo Hrp 2 gy 289 pon & g S iy 29 ey
which is functorial with respect to the short exact sequence.

The morphism 0 is called the connecting morphism.

Proof. The sequence 7"t — sty 5 7t N provides a commutative
diagram
L"/B"L —> M"/B"M — > N"/B"N — 0

l l i

0 — Zn+1L Zn+1M Zn+1N

with exact rows. Applying the snake lemma, we obtain the desired exact sequence.
O

Corollary 2.1.24. For every distinguished triangle X Ly % z2n X|[1] in D(A),
we have a long exact sequence H" X Ty ey 209, gng A0 e x

Proof. We may assume that the triangle is standard: X ERS7R Cone(f) & X[1].
The short exact sequence of complexes

0— Y % Cone(f) & X[1] — 0.
induces a long exact sequence
oo HYX)) S HYY 22 B (Cone(f)) 228 HY(X1)) = -+ -

It suffices to check that, via the isomorphism H"1(X([1]) ~ H"X, the connecting
morphism can be identified with H"f. The connecting morphism is constructed
using the snake lemma applied to the commutative diagram

Yn—l/Bn—IY . Cn—l/Bn—lc . Xn/BnX — =0

| | |

0 7Y Ale, Zr Y,
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where C' = Cone(f). We reduce by the Freyd-Mitchell Theorem to the case of
x

modules. Let x € Z"X. Then (O) + B"1(C is a lifting of x + B"X. We conclude

v ()-(4) :

Corollary 2.1.25. Consider a short exact sequence of complexes 0 — X Ly 4

Z — 0. Then the map ¢ = (0,g): Cone(f) — Z is a quasi-isomorphism.
In this case, we get a distinguished triangle X 5 Y % Z LN X[1] in D(A).

Proof. We have a commutative diagram of long exact sequences

n n.: n n+1
Hr X 2L gy U fe(Cone(f)) - Hrt X T oty
ifm (+)
n n _ n+1
grx 2L gy M gy o griix TS gntiy,

Indeed, for the commutativity of the square (%) we reduce by the Freyd-Mitchell
Theorem to the case of modules, and it suffices to note that for (;) € Z"Cone(f),

we have f"(x) + d"y = 0. By the five lemma, H"¢ is an isomorphism. O]

Definition 2.1.26. Let A be an additive category. We say that a complex X is
bounded below (resp. bounded above) if X" =0 for n < 0 (resp. n > 0). We
say that X is bounded if it is bounded below and bounded above. For an interval
I C Z, we say that X is concentrated in degrees in I if X" = 0 for n ¢ I. We let
Ct(A), C~(A), C°(A), C'(A) denote the full subcategories of C(A) consisting of
complexes bounded below, bounded above, bounded, concentrated in I, respectively.
We let K*(A), K~ (A), K°(A), K'(A) denote their respective images in K (A).

For A abelian, we let DT (A) (resp. D™ (A), resp. D’(A), resp. D(A)) denote
the full subcategories of D(A) consisting of complexes satisfying H" = 0 for all
n < 0 (resp. n > 0, resp. |n| > 0, resp. n ¢ I).

Proposition 2.1.27. The functor H°: DI°Y(A) — A is an equivalence of cate-
gories.

Proof. Consider the functor F: A — DI®%(A) carrying A to a complex X con-
centrated in degree 0 with X° = A. We have H°FA ~ A. For any complex X
concentrated in degree 0, X ~ 700X ~ FHOX. O

Derived functors

Let A and B be abelian categories and let F': A — B be an additive functor. We
have remarked that F' extends to an additive functor C(F'): C'(A) — C(B), which
induces a triangulated K (F): K(A) — K(B). We have a commutative diagram

C(A) —— K(A)
C(F)l \LK(F)
C(B) —— K(B).
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Definition 2.1.28. Let Q4: KT(A) — D' (A) and Qp: K (B) — D*(B) be the
localization functors. A right derived functor of F' is a pair (RF,¢), where
RF: D" (A) — D*(B) is a triangulated functor, and e: Qp(KTF) — (RF)Q4 is a
natural transformation of triangulated functors, such that for every such pair (G, ),
there exists a unique natural transformation of triangulated functors a: RF — G
such that n = (aQ4)e.

If RF exists, we put R"FK = H'"RFK € B for K € D(A) (sometimes called
the hypercohomology of K with respect to RF'). The functor R"F: A — B is
called the n-th right derived functor of F'.

In the sequel, we will often abbreviate C(F) and K(F) to F. For F exact, we
also let F' denote the functor D(A) — D(B) given by F.
To show the existence of the right derived functor, we need resolutions.

Theorem 2.1.29. Let J C A be a full additive subcategory. Assume that for every
object X of A, there exists a monomorphism X — Y with Y in J.

(1) For every K € C="(A), there exist L € C="(J) and a quasi-isomorphism
f: K — L such that =™ f is a monomorphism of complexes for each m.

(2) The functor KT (J) — DT(A) induces an equivalence of triangulated cate-
gories

KX(J)[S™] = D*(A),
where S is the collection of quasi-isomorphisms in K*(J).

Part (2) follows from part (1) and a general result on localization of triangulated
categories (omitted).

Proof of (1). It suffices to construct L,, = (--- — L™ — 0 — ---) € C"™(7) and
a morphism f,,: K — L,, of complexes for each m such that f! and K'/B'K —
L'/ B'L are monomorphisms for each i < m, H'f,, is an isomorphism for each i < m,

Ly = 0S™L,,.1 and f,, equals the composite K M Lyv1 — L,,. We proceed

by induction on m. For m < n, we take L,, = 0. Given L,,, we construct L,, | as
follows. Form the pushout square

K™/B"K — L™ /B™L
Km i

By induction hypothesis, the upper horizontal arrow is a monomorphism. It follows
that we have a commutative diagram

0—=K"/B"K —=["/B"[,— > 7 — 0

| l

0— KMl X A 0

with exact rows. By assumption, there exists a monomorphism X — L™ with
L™ in J. We define fmt: K™+l — LMt and d7*: L™ — L™ by the obvious
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compositions. Then f,,,1 is a morphism of complexes. It is clear that f™! is
a monomorphism. Applying the snake lemma to the above diagram, we see that
K™t/ Bt K — [T/ B™TL is a monomorphism and H™f is an isomorphism.

O

Definition 2.1.30. Let F': A — B is an additive functor between abelian categories.
A full additive subcategory J C A is said to be F-injective if it satisfies the
following conditions:

(a) For every X € A, there exists a monomorphism X — Y with Y € J.
(b) For every L € K*(J) acyclic, F'L is acyclic.

The terminology is not completely standard. Our definition here follows [KS|
Definitions 10.3.2, 13.3.4]. Some authors replace (b) by the stronger condition (b’)
below.

Proposition 2.1.31. Condition (V') below implies (b).

(V') Every monomorphism X' — X in A with X', X € J can be completed into a

short exact sequence
0—-X'>X—>X">0

in A with X" € J such that the sequence

0> FX 5 FX -5 FX"—>0

18 exact.

Proof. Let L € K*(J) be an acyclic complex. Then L breaks into short exact

sequenees
0— Z"L — L™ — Z"'L — 0.

By (b), one shows by induction on n that Z"L is isomorphic to an object in J and
we have short exact sequences

0— F(Z"L) — F(L") — F(Z""'L) — 0,
so that K (F)(L) is acyclic. O

Corollary 2.1.32. Let F': A — B be an additive functor between abelian categories
and let J C A be an F-injective subcategory.

(1) The right derived functor (RF: D (A) — DT (B),€) of F exists and for L €
K™ (J), e,: FL = RFL is an isomorphism. Moreover, RF carries D="(A)
into D="(B).

(2) If F is left exact, then the morphism FX — R°FX s an isomorphism for all
X e A

Part (1) follows from the theorem.
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Proof of (2). Choose a quasi-isomorphism X — L with L € K=°(J), corresponding
to an exact sequence
0—-X =L —L'—....

Applying F', we obtain an exact sequence
0—FX — FL" - FL".
Thus R°.FX ~ H'FL ~ FX. O

Corollary 2.1.33. Let A be an abelian category with enough injectives. We let T
denote the full subcategory of A consisting of injective objects.

(1) For every K € C="(A), there exist L € C="(J) and a quasi-isomorphism
f: K — L.

(2) The triangulated functor KT(Z) — D%Y(A) is an equivalence of triangulated
categories.

(8) Let F: A — B be an additive functor between abelian categories. Then T 1is
F-injective. In particular, the right derived functor (RF: DT (A) — D¥(B),¢)
of F exists and for L € K*(I), e;,: FL = RFL is an isomorphism.

Proof. This follows from the theorem and Corollary [2.1.32(1). For (2), we need the
following lemma. For (3), note that Z satisfies conditions (a) and (b’). Indeed, any
short exact sequence of injective objects splits. O]

Lemma 2.1.34. Let A be an abelian category. We let T denote the full subcate-
gory of A consisting of injective objects. Then any acyclic complex in K (I) is
isomorphic to zero in K(I).

Proof. Let L € KT (Z) be an acyclic complex. Then L breaks into short exact

sequences
0— Z"L — L™ — Z""'L 0.

One shows by induction on ¢ that Z™L is injective and the sequence splits. Thus L™
can be identified with Z" @ Z"*1. Then h": Z"@® Z"™ — Z" — Z" 1 @ Z" satisfies
hd + dh = idx. O

Remark 2.1.35. By the preceding corollary, if A has small Hom sets and admits
enough injectives, then DT (.A) has small Hom sets.

Proposition 2.1.36. Let F': A — B, G: B — C be additive functors between
abelian categories. Let J C B be a G-injective subcategory. Assume that A admits
enough injectives and FI1 € J for every injective object I of A. Then the natural
transformation n.: R(GF) — (RG)(RF) given by the universal property of right
derived functors is a natural isomorphism.

This applies in particular to the case where B admits enough injectives and F
preserves injectives.

Proof. Let Z denote the full subcategory of A consisting of injective objects. For
L € K*(I), the composite (GF)L % R(GF)L ™% (RG)(RF)L and ¢ are both
isomorphisms in D*(C), and hence so is 7. O
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2.2 Derived direct image

Proposition 2.2.1. Let (X,0x) be a ringed space. Then Shv(X,Ox) admits
enough injectives.

Proof. Let F € Shv(X,Ox). For z € X, let i,: {x} — X be the inclusion. Let
us show that the canonical morphism F — [[,cx fz+i, ' F is a monomorphism. For
every y € X, we have a commutative diagram

.1 .1 . .1
iy F—— iy Haex lasly F

o T~ |

1 1 1
i F — Uy ysly, F

It follows that the top horizontal arrow is injective at every stalk, and hence a
monomorphism.

Each i;'F is an Ox,module and can be embedded into an injective Oy .-
module i;'F < Z,. Then F < [l cx tuosiy ' F <> [lyex tasle. Note that i..7Z, is
injective by the next lemma applied to the adjoint functors i ! F i, with i, ! exact.
We conclude by the fact that a product of injective sheaves is injective. O]

F
Lemma 2.2.2. Let A ? B be functors between abelian categories with F 4 G

and F exact. For X € Ob(B) injective, G(X) is injective.
Proof. In fact, Homy4(—, G(X)) ~ Homp(F—, X) is exact. O

Example 2.2.3. Let f: (X,0x) — (Y, Oy) be a flat morphism of ringed spaces.
Then f~! is exact. It follows that f, sends injective sheaves to injective sheaves.

Let f: (X,O0x) — (Y, Oy) be amorphism of ringed spaces. The functor f.: Shv(X,Ox) —
Shv(Y, Oy) is left exact. It follows from the proposition that f. admits a right de-
rived functor Rf,.

Example 2.2.4. Y = pt, Oy = Z. Then

fe=T(X,—): Shv(X,0x) — Ab
Rf,=RI(X,—): D(X,Ox) — DT(Ab).

For L € D*(X,Ox), we call H*(X, L) := R"T'(X, —) the i-th (hyper)cohomology of
L.

If f:(X,0x) = (Y,0y) is a flat morphism of ringed spaces, then for M €
DT (Y, Oy), there is a natural restriction morphism RI'(Y, M) — RI'(X, f*M).

Proposition 2.2.5. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces and
let L € DY(X,0x). Then there is a canonical isomorphism

R fiL ~a(V = H(f(V), Ll j-10)



2.2. DERIVED DIRECT IMAGE 115

Proof. Consider the commutative diagram

Shv(X,Ox) —— PShv(X, Ox)

J{f* J/ffsh

Shv(Y, Oy) «—— PShv(Y, Oy)

Since a and fP*" are exact, we have Rf, = afP*®Ri. We conclude by the next lemma,
which computes Re. [

Lemma 2.2.6. For L € D*(X,O0x), RitL: U — Hi(U, L|y),

Proof. Let L — I be a quasi-isomorphism with I € KT (X,Ox) and I injective
for all 7. Then R%WL ~ H"(.I). Since I'(U,—) is exact on presheaves, we have
(HWI)(U) ~ HY(I(U)) ~ H(U, L|yy). In the last isomorphism we used the fact that
Ly — I|y is a quasi-isomorphism and I|}; is injective for all i. To see this last
point, let j7: U — X be the inclusion. Then j* preserves injectives, because it has
an exact left adjoint, j;, and Lemma [2.2.2] applies. n

Flabby sheaves

Definition 2.2.7. A sheaf F on X is said to be flabby if for all U C X open, the
restriction map F(X) — F(U) is surjective.

Remark 2.2.8. If F is flabby, then for any inclusion V' C U of opens, the restriction
map F(U) — F(V) is surjective. In other words, if F is flabby, then F|y is flabby
for every open U C X.

Proposition 2.2.9. Consider a short exact sequence in Shv(X, Ox):

0 FrtaF s 0.

(1) If F' is flabby, then 0 —— F'(X) —— F(X) —— F'(X) —— 0 s
exact.

(2) If F' and F are flabby, then so is F".
(8) Injective Ox-modules are flabby.
Proof. (1) Take s € F"(X). Consider
U C X open
te F(U), ()= Slu}

Define a partial order on Q by (U,t) < (U',t') if U C U’ and t'|y = t. By Zorn’s
lemma, there exists a maximal element (U, t) of Q. If U = X, we are done. Assume
U C X. Take z € X\U. Since F — F” is surjective, there exists an open neigh-
borhood V' 3 z and r € F(V) such that ¢(r) = s|y. Since ¥ (t|ynv) = ©(r|lvay) =
slunv, there exists v € F(U N'V) such that t|yny — rluny = ¢(v). Since F' is

Q= {(U,t) |
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flabby, there exists v € F'(V) such that v|yny = v. By construction, ¢t € F(U) and
r+ ¢(v) € F(V) agree on UNV. Thus they define t € F(U UV) such that t|y = t,
tly =r+¢(v). Clearly () = s|yuy. This shows (UUV,t) € Q and contradicts the
maximality of (U, t).

(2) Consider the commutative diagram:

F(X) —— F'(X)

| |

F(U) —— F'(U)

The left vertical arrow is surjective since F is flabby. The bottom horizontal arrow
is surjective by (1). It follows that the right vertical arrow is surjective.

(3) Let U C X be an open subset and let j: U — X be the inclusion. Since
710y — Ox is a monomorphism and F is injective, Hom(Ox, F) — Hom(;Oy, F)
is surjective. This can be identified with the restriction map F(X) — F(U) via the
adjunction Hom(5 Oy, F) ~ Hom(Oy, j~1F) ~ F(U). O

Corollary 2.2.10. Let f: (X,0x) — (Y,0Oy) be a morphism of ringed spaces.
Then the full subcategory consisting of the flabby Ox-modules is f.-injective (Defi-

nition 12.1.30).

Proof. Condition (b’) of Proposition follows from (1) and (2). Condition
(a) Definition follows from (3) and the existence of enough injectives. One
can give a more direct proof of (a). For any Ox-module F, we have F — G =
[Tocx taxiy ' F, where G is flabby because G(U) = [,y tuxi, ' F- 0

Remark 2.2.11. It is clear that f, sends flabby sheaves to flabby sheaves.

Corollary 2.2.12. Let (X,0Ox) ERN (Y,0y) & (Z,0z) be morphisms of ringed
spaces. Then R(gf)+L ~ Rg.Rf.L for all L € DT(X,Ox).

Example 2.2.13. Consider the commutative diagram

(X,Zx) +— (X,0x)

Js |

(Y, Zx) «+2— (Y, Oy)

Then py«Rf. >~ Rfospixs. Here puyx, is the functor forgetting the Ox-module struc-
ture. In other words, the functor Rf, does not depend on sheaf of rings.

Theorem 2.2.14 (Grothendieck). Let X be a Noetherian topological space of finite
dimension d. Then for any abelian sheaf F on X, H(X,F) =0 fori > d.

Remark 2.2.15. By a result of Spaltenstein [S], the derived functor Rf,: D(X,Ox) —
D(Y, Oy) between unbounded derived categories exists. We refer to [KS| Chapters
14, 18] for more details.
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2.3 Cech cohomology

Let X be a topological space. Let F be an abelian presheaf on X and let {U;}; = 8
be an open cover. The sheaf condition is the exactness of the sequence

0 —— F(X) —— [ F(U;)) —— I, F(Uy)

(8;) — s

Uiy — S5lUi;

where U;; = U; N Uj. In Cech cohomology, we extend this sequence to the right.

Definition 2.3.1 (Cech complex). Let F be a presheaf. The Cech complex
C*(U, F) € C=°(Ab) is defined by

p
Cp(ua]:) = H I(Uio ..... i,,), Uio ..... ip — ﬂ Uik
(i0y--rip) ETPH1 k=0
with the differential given by
p+1 .
(dps)zo ----- ip+1 ’;)(_1) Szo ..... s zp|Ulo 77777 ipt1

for s € CP((U), F). One can check dd = 0. We call HP(4, F) = H?C*(U, F) the
Cech cohomology.

Remark 2.3.2. The global section functor factors as

Ho(u7_)
—

Shv(X) —— PShv(X) Ab

F(X,*)

We will show that HP(8(, —) are the right derived functors of HO(8L, —).
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Date: 11.24
Let X be a topological space. Recall for an open cover U = {U;} of X and an
abelian presheaf F, we have defined the Cech complex C*(U,F). We can extend
it to a Cech complex of presheaves C*(U,F) € C*°(PShv(X)), ['(V,C*(U,F)) =
C*UNV,F), where U NV ={U; N V}. In other words,

C*U, F) = I dioipedi iy F Jioswip Uig,.ipy = X.

Let f: I[;U; — X. Then CP(U,F) = CO(U,CP* U, F)) = f.f ' f.f ' F,

p+1

where f, f~! appears p + 1 in the expression.

Proposition 2.3.3. Let F be a sheaf on X. Then

0 F COU,F) — C U, F) — ...

is exact in Shv(X).
We will prove a more general form of the proposition.

Lemma 2.3.4. Let F': A — B a functor between abelian categories admitting a
right adjoint G. Let A € A. Consider the complex L € C=71(A):

—1

0 A GgFA Y, GFGFA -2 ...

where

IP=GF---GF A
—_———

p+1
p+1
& =>(-1)"GF---GFeGF---GF A
k=0 k p+1—k

where €: id — GF is the unit. Then FIL =0 in K(B).

Proof. Define h € Ht(FL, FL) as follows. Let n: FG — id be the counit. We take

W =nFGF---GFA: FLP — FLP!
N———’

p

One checks that dh + hd = id. O]

Proposition 2.3.5. Let f: Y — X be a surjective continuous map and let F be a
sheaf on X. Define C*(f,F) = fof ' - f.f ' F. Then

p+1

0—F = CUf,F) = C'(f,.F)— ...

1S an exact sequence.
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Proof. Take F = f~', G = f, in the lemma. Then f~!(L) is acyclic. Since f is
surjective, L is acyclic. O

In fact, in the lemma, L is acyclic if F' is conservative.

Example 2.3.6. Let f: Y =[[,ex2z — X. Then f~1f,F = [Liex tasiy " F. This is
used in the proof of the existence of enough flabby sheaves. The flabby resolution
given by the proposition is called Godement resolution. Note that every sheaf
on Y is flabby and f, preserves flabby sheaves.

Corollary 2.3.7. Let F be a flabby sheaf on X. Then H?(U,F) =0 for all p > 0
and open cover U of X.

Proof. Let f: 11, U; — X. Since f, and f~! both preserve flabby sheaves,

0 F U, F) — U, F) —— ...
is a flabby resolution of F. Taking global sections, we get the exact sequence
0 — (X, F) —— C'U,F) —— C'U,F) — ....
]

Let F be a sheaf. Then we can replace F by C*(U, F)) in D(Shv(X)). In general,
CP(U, F) is not flabby. We can choose a quasi-isomorphism C*(U, F) — L*® with
L € K* and LP injective or flabby for all p. This gives a canonical homomorphism

(U, F) — HP(X,F),

which is an isomorphism for p = 0. We have the following criterion for the map to
be an isomorphism.

Theorem 2.3.8 (Leray). Let F be a sheaf. Assume H" (Ui, .., F) = 0 for all
p =0, (ig,...,4,) € [P™' n > 1. Then the canonical map HP(U,F) — H? (X, F) is
an isomorphism for all p > 0.

We will give a proof based on an interpretation of the Cech cohomology as derived
Hom. For this we need more homological algebra.

Double complexes

Let A be an additive category.

Definition 2.3.9. We define the category of double complexes in A to be C?(A) =
C(C(A)). Thus a double complex consists of objects X for 7,7 € Z and differen-
tials d[i X — Xi+1’j, dUZ X — X%+ guch that d% = 0, d%[ = 0, d[d]] = d[]d[.
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Definition 2.3.10. Let X be a double complex in A. We define two complexes in A
with (toteX)" = @;4;—n X" (if the coproducts exist) and (totnX)" = [T,y =, X"/
(if the products exist), called total complex of X with respect to coproducts and
products, respectively. The differentials are defined as follows. Let ¢ + 7 = n. The

composition X — (totgX)" L5 (totg X )" is given by
(2.3.1) dy + (=1)'d%.

The composition (totgX )" ! LA (totg X )™ — X* is given by
(2.3.2) A (L

Remark 2.3.11. The sign in and ensures that d?> = 0. If Y is the
transpose of X defined by Y*/ = X7* and by swapping the two differentials, then
we have an isomorphism totq X =~ totgY given by (—1)¥idyi,. The same holds for
tot.

In the literature, a variant of Definition with drd +dd; = 0 is sometimes
used. If we adopt this variant, then can be simplified to d = d; + dy;. The
two definitions correspond to each other by multiplying dZH] by the sign (—1)".

Definition 2.3.12. We say that a double complex X is biregular if for every n,
X" = 0 for all but finitely many pairs (i, ) with i+j = n. We let C7,(A) C C*(A)
denote full subcategory consisting of biregular double complexes. It is an additive

subcategory.

If X" =0fori<aorj<b (X concentrated in a (translated) first quadrant) or
X% =0 for i > aor j >b (X concentrated in a (translated) third quadrant), then
X is biregular. If X% =0 for |i| > 0 (concentrated in a vertical stripe) or X/ =0
for |j] > 0 (concentrated in a horizontal stripe), then X is biregular.

Remark 2.3.13. If X is a biregular double complex, then tots; X and totp X exist
and we have totg X — totpX. We will simply write totX. We get an additive
functor tot: C%,(A) — C(A).

reg

Example 2.3.14. Let f: L — M be a morphism of complexes in .A. We define a
double complex X by X~ = L7, X% = M X" =0 for i #—1,0,d; " = 7, dy
given by dy, and dy;. Then totX = Cone(f).

Let A be an abelian category. For a double complex X in A, we put
Hi(X)" = Ker(di?)fim(d;”9),  Hu(X)" = Ker(df) fim(df )

The full additive subcategory C%,(A) € C?(A) is stable under subobjects and
quotients. Thus Cfeg(A) is an abelian category and the inclusion functor is exact.

The functor tot: C2,(A) — C(A) is exact.

reg

Proposition 2.3.15. Let X be a bireqular double complex such that HY*(X) is
acyclic for every i. Then totX is acyclic.

A similar statement holds for Hj;, which generalizes the fact that the cone of a
quasi-isomorphism is acyclic.
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Proof. For each m, there exists N such that H™(totX) = H™tot(r="X) for all
n > N. It suffices to show that H™tot(77"X) = 0 for all n. We proceed by
induction on n (for a fixed m). For n < 0, (tot(r7"X))™ = 0. Assume that
H™r7"(X) = 0 and consider the short exact sequence of double complexes

0= 7" 'X 5 77"X Y =0,

where Y = (B7"*X EN Z71* X)) is concentrated on the columns n—1 and n. Applying
tot, we get an exact sequence of complexes

0 — tot77" ' X — totr "X — totY — 0.

We have a quasi-isomorphism tot(Y')[n] ~ Cone((—1)"f) — H;"*(X). It follows
totY is acyclic. Taking long exact sequence, we get

H™otm="X ~ H™otm=""'X = 0.
O

Corollary 2.3.16. Let X be a bireqular double complex such that X*7 is acyclic for
every j (namely, every row of X is acyclic). Then totX is acyclic.

A similar statement holds for columns of X: if X%* is acyclic for every i, then
tot X is acyclic.

Corollary 2.3.17. Let f: X — Y be a morphism of bireqular double complexes
such that Hy*(f): Hy*(X) — Hp*(Y) is a quasi-isomorphism for each i. Then
tot(f): tot(X) — tot(Y) is a quasi-isomorphism.

Proof. Welet W = Coney;(f) with Wi = X%+1gY i Then Hy®* (W) ~ Cone(HI*(f))
is acyclic. By the proposition applied to W, tot(W') ~ Cone(tot(f)) is acyclic. [

Corollary 2.3.18. Let f: X — Y be a morphism of bireqular double complexes such
that f*9: X* — Y*J is a quasi-isomorphism for each j. Then tot(f): tot(X) —
tot(Y') is a quasi-isomorphism.

Derived Hom

Let A, A, A” be additive categories. Let F: A x A" — A” be a functor that is
additive in each variable. Then F extends to a functor C*(F): C(A) x C(A") —
C?*(A”) additive in each variable. For X € C(A), Y € C(A’), the double complex
C?(F)(X,Y) is defined by C?(F)(X,Y)" = F(X*Y7), with dY = F(dk,idy,),
d5 = F(idy:, d)).

Example 2.3.19. Let A be an additive category with small Hom sets. The functor
Hom4: A°® x A — Ab is additive in each variable. We have an isomorphism
C(A)°P ~ C(AP), carrying (X,d) to ((X~"),(—1)"d ""'). Thus Hom 4 extends to
a functor

Hom%: C(A)P x C(A) — C*(Ab),



122 CHAPTER 2. COHOMOLOGY OF QUASI-COHERENT SHEAVES

additive in each variable. For X,Y € C(A), Hom®% (X,Y)" = Homy4(X 7, Y"),
di’ = Homa(X 7, dy), djf = Homa((=1)dy’ ™", Y7).

We define Hom?% as the composite functor

C(A)P x C(A) 225, c2(Ap) 9, o(Ab).

We have
Hom%(X,Y)" = [] Homu (X7, Y"*),

JEL
and for f = (f7) € Hom%(X,Y)",
(df) = & 7 4+ (1) P

Proposition 2.3.20. We have

Z"Hom%(X,Y) ~ Home(4)(X,Y),

B°Hom*%(X,Y) ~ im(Ht(X,Y) — Home(4)(X,Y)),

H°Hom?%(X,Y) ~ Homp(a)(X,Y).
Proof. We have d°(f) = df — fd, so that d°(f) = 0 if and only if f: X — Y is a

morphism of complexes. We have Ht(X,Y) = Hom%(X,Y)™!, and for h € Ht(X,Y),
d='(h) = dh + hd. O

Definition 2.3.21. Let D, D', D" be triangulated categories. A triangulated
bifunctor is a functor F: D x D' — D" equipped with natural isomorphisms
F(X[1,Y) ~ F(X,Y)[1], F(X,Y[1]) =~ F(X,Y)[1], such that the following dia-
gram anticommutes

FX[LY[L) — F(X Y]

| l

FX[LY)] —— F(X,Y)[2]
and such that F'is triangulated in each variable.

Note that Hom® factorizes through a triangulated bifunctor K(A)® x K(A) —
K(Ab).

Proposition 2.3.22. Assume that A admits enough injectives. Then the triangu-
lated bifunctor
Hom%: K(A)® x K*(A) — K(Ab)

admits a right derived bifunctor
RHom: D(A)® x DT (A) — D(Ab)
such that, for M € K*(A) with injective components and L € K(A), we have

Hom?® (L, M) = RHom (L, M).
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Sketch of proof. We need to show that for L € K(A), M € Kt(A), M" injective
for all n, with L or M acyclic, then Hom®% (L, M) is acyclic. Indeed,

H"Hom?¥ (L, M) ~ Hompgay(L, M[n]) ~ Hompa)(L, M[n]) = 0.
[

Remark 2.3.23. Assume that 4 has enough injectives. For L € D(A), M €
D*(A), we have

H"RHomy(L, M) ~ H"Hom%(L, M") ~ Hom (L, M'[n]) ~ Hom" (L, M|[n]),

where we have taken a quasi-isomorphism M — M’ € K*(A) such that M’ has
injective components. In particular, for X € A, Homp) (X, —[n]) is the n-th right
derived functor of Hom (X, —).

Dually, we have the following.

Proposition 2.3.24. Assume that A admits enough projectives. Then the triangu-
lated bifunctor
Hom%: K~ (A)? x K(A) — K(Ab).

admits a right derived bifunctor
RHomy: D™ (A)® x D(A) — D(AD)
such that for L € K~ (A) with projective components and M € K(A), we have
Hom% (L, M) = RHomyu(L, M).

Remark 2.3.25. In the case where A admits enough injectives and enough projec-
tives, the functors R Hom defined in Propositions [2.3.22] and [2.3.24] are isomorphic
when restricted to D™ (A)°® x D (A). Indeed, for L € D=(A) and M € D*(A),
RHom(L, M) can be computed by finding quasi-isomorphisms L' — L and M — M’
such that L’ has projective components and M’ has injective components and taking
Hom*(L, M).

Back to Cech cohomology
Let F be a presheaf. We have

C’p(u’f') = H ‘F(Ui()y-"ip) = Hom(cp(u)7f>v
..... ip)eIP+1
where
psh . . .
Cp(“) = @ Jf;,...z'p.ZpUiO ,,,,, i) Jioyip © Uig,.iy = X.
20 yenes 1pe[p+l
Here ZpUsih . denotes the constant presheaf. There is a complex C,(U) in C=° with

,,,,,,
Co(U)™P = C,(U) satistying C*(U, F) ~ Hom*(Ce(U), F). To specify the differentials
and to study this complex, it is convenient to consider the functor

psh g @ i pSh Ui

el
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between categories of presheaves, where f: [[;,c; U; — X. This functor is left adjoint
to f~', and we have the counit 7 f*"f~' — id. Note that (fP™f~1F)(U) ~
@Pvcv, F(U;). Moreover,

CoU) == [P f=L P Rt

p+1

We define the differentials of Co(U) by

d? = Xp:(_l)kﬂ fipshf =t Py fipshf T PR

k=0

k p—k

Lemma 2.3.26. (1) The sequence
(%) e CU) —— CoU) = ZR"
18 exact.
(2) C,(U) is projective for each p > 0.

Proof. (2) Hom(Z%" —) = T'(X, —) is exact, which implies that Z%" is projective.
Moreover, since fP*" 4 f~1 4 f, and f, and f, are exact, the functors f**" and f!
preserve projectives.

(1) f~%(x) is exact by Lemma [2.3.4 Thus (x)|y, is exact for every i € I. Let
U C X be an open subset. If there exists an ¢ € I such that U C U;, then I'(U, (%)) is

exact. Otherwise, I'(U, (%)) = ( --- 0 0 7 ), which is exact. [

From the Lemma, we see Co(U) is a projective resolution of im(r,), and hence
C*(U, F) ~ Hom*(Ca(U), F) ~ RHom(Im(n), F) ~ RT(U, F),

where RT(U, —) denotes the right derived functor of HO(U4, —). For the last isomor-
phism we note

Hom(im (), F) = H°(U, F),
which implies that for L € D*(PShv(X)), we have

RHom(im(ny), L) ~ RT(U, L)

Consider
PShv(X

/\

Shv(X A S NN VS

Lemma 2.3.27. RI'(U, RiL) ~ RT(X, L), VL € D*(Shv(X)).

Proof. Since a 4 ¢ and a is exact, ¢ preserves injective objects. m
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For a sheaf F, the canonical morphism (F — Rt F induces
RI(U,1F) — RI(U, RuF) ~ RU(X, F),

which in turn induces the maps H?(U, F) — H?(X, F) by taking cohomology.
We are now in a position to prove Leray’s theorem.

Proof of Leray’s theorem. Let L = RiF. For p > 0, consider the morphism of
complexes

Hom™*(Co(U), 1. F) ——— Hom”*(C(U), L)
H

H(io,..ip) F(Uio,...ip7 LF) H(io,-~~ip) F(Uim...ip, L)

By assumption, H" (U, .i,, F) = 0, n > 1, which means
L(Ui,..ip, tF) = T'(Us,..i,, L)
is an quasi-isomorphism. Thus

Hom*(C.(U), 1 F) — Hom*(Co(U), L)

is also a quasi-isomorphism. Therefore,

RU(U,1.F) ~ RT(U, L).

Proposition 2.3.28. Let F be a sheaf.

(1) We have an exact sequence
0 —— H'(U,F) —— HY(X,F) —— H(U, R"LF).

(2) We have
colim H(U,R"F) =0,

where U runs through open covers of X. In particular,

colim HU, F) = HY(X, F).

Proof. (1) This follows from Lemma applied to RT'(X, —).
(2) Let F = L be a quasi-isomorphism with L € K* and L¢ injective. Then in
PShv(X),
RUF =ker(¢L9 — (L7Y) /im(e L9 — 1 L9).

For ¢ > 0, aRwF ~ HIF = 0. Here H? denotes the g-th cohomology sheaf. We
conclude by Lemma [2.3.30] below. [
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Lemma 2.3.29. Let F': DY(A) — D% (B) be a triangulated functor carrying D=°(A)
into D=°(B). Let X € D=°(A). We have an isomorphism H'FH°X ~ H'FX and
an ezxact sequence

0— H'FH'°X - H'FX - H'FH'X - H’FH°X — H°FX.
We leave this as an exercise.
Lemma 2.3.30. Let F be a presheaf. Then the canonical map
colim HU, F) = T'(X,aF)
1S 1njective.
Proof. By definition, aF = (F')’, where
F(U) = colim H*(V, F),
with V running through open covers of U. Since F' is separated, F' — (F') = aF

is a monomorphism of presheaves. In particular, T'(X, F') = colimy H°(U,F) —
['(X, aF) is injective. O

Remark 2.3.31. The map

colim H*(U, F) = H*(X, F)
is injective but not bijective in general. Using hypercovers one can get isomorphisms
to H? all q.

Remark 2.3.32 (Alternating Cech complex). The following variant of the Cech
complex is very useful. For a presheaf F on X and an open cover U = {U,};cr, we
define a subcomplex C%, (U, F) C C*(U,F), called the alternating Cech com-
plex. An element s = (s;,
alternating if

Sio, ..., ip — 0 if ij == Z'k,
Sip(0)s - - -+ la(p) = 58N(0)S4,...i,  for o € Aut{0,...,p}.

,,,,,,,,,,,,,,,

We let C%, (U, F) C CP(U, F) denote the abelian subgroup consisting of the alternat-
ing elements. If we choose a total order on I, then C}y (U, F) =~ [Liy<...ci, F (Ui,....1,)-
There are natural chain morphisms
Coul, F) == C*(U, F)
where ¢ is the inclusion and r is given by projection. We have ri = id and one can
check that ir —id = dh+ hd for some homotopy h. Thus ¢ is a homotopy equivalence

and we have

HICy, U, F) = H'U, F).
In particular, for p > #1, ﬁp(U,f) =0, since C},(U, F) = 0.
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2.4 Serre’s theorem on affine schemes

Theorem 2.4.1 (Serre). Let F be a quasi-coherent Ox-module on an affine scheme
X. Then HY(X,F) =0 for all g > 1.

Lemma 2.4.2. Let X be an affine scheme and let U be a finite affine open cover.
Let F be a quasi-coherent sheaf. Then HY(U,F) =0, for all ¢ > 1.

Proof. We have an exact sequence of sheaves

0 b COU, F) — C' (U, F) — ---

Each CP(U, F) = f.f~'--- fof~LF is quasi-coherent, where f: [[,U; — X. The
functor I'( X, —) carries exact sequences of quasi-coherent sheaves to exact sequences
of modules. Therefore,

0 — I'( X, F) — C°U,F) —— C*U,F) — -

is exact. O

Lemma 2.4.3. Let J C Shv(X,Ox) be the full subcategory consisting of Ox-
modules F such that forvefuery affine over subset U C X and every finite affine open
cover V of U, we have HY(V,F) =0 for all ¢ > 1. Then J is I'(X, —)-injective.

Proof. We check the axioms (a) and (b’).

(a) It suffices to show that every injective Ox-module F belongs to J. For every
open subset U C X, F|y is flabby. It follows that we have ﬁq(V,}') =0 for all V
and all ¢ > 1 by Corollary 2.3.7 Thus F belongs to J.

(b’) Let

0 F g Q 0

be an exact sequence of Ox-modules with F,G € J. Let U C X be an affine open.
We have 5
HYU, F) ~ colim H'(V,F)=0.

Here V runs through finite affine open covers of U and we used the fact that every
open cover of U can be refined by a cover V. Thus the sequence

0 —— F(U) — Gg(U) —— QU) —— 0
is exact. In particular, the sequence
0—-I(X,F)—-T(X,6) -T(X,Q) =0
is exact. Moreover, we have a short exact sequence of complexes

0—— C*V,F) —— C*(V,Gg) —— C*(V,Q) —— 0,
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which induces the exact sequence

HU,G) —— H(V,Q) —— H™(V,F)

|
0 0

for g > 1. Thus Q € J. ]
Proof of Theoremt.Serrel. By Lemma [2.4.2) QCoh(X) C J. By Lemma [2.4.3] for
all F € J, we have HI(X,F) =0 for all ¢ > 1. O

We have the following converse of Theorem [2.4.1}

Theorem 2.4.4 (Serre). Let X be a quasi-compact scheme. Suppose that for all
quasi-coherent ideal sheaf T C Ox, we have H'(X,Z) = 0. Then X is affine.

We will prove this later as a consequence of Theorem [2.5.9|
Combine Theorem and Leray’s theorem, we obtain:

Corollary 2.4.5. Let X be a scheme and let U = {U;};cr be an open cover of X
such that Uy, . i, is affine for all p = 0. Let F be a quasi-coherent Ox-module.

Then, for all q, the canonical map ﬁq(Z/{,F) — HYX,F) is an isomorphism.

Remark 2.4.6. If the diagonal Ax: X — X x X is affine (for example if X is
separated), then for all affine open U,V C X, U NV is affine. Indeed

uny —— X

| |ax

UXxV — X x X

is an Cartesian square. In this case, the corollary applies to every affine open cover
of X.

Corollary 2.4.7. Let X be a scheme and let
0 F g Q 0
be an ezxact sequence of Ox-modules. If F, Q € QCoh(X), then G € QCoh(X).

Proof. We may assume that X is affine. Then the long exact sequence of cohomology
has the form

0 — F(X) — §(X) — Q(X) —— HYX,F)=0.
Thus we have a commutative diagram with exact rows

0 — F(X)" — Gg(X)” — 9Q(X)” —— 0

El b

0 F g Q 0.

The vertical arrow in the middle is an isomorphism by the five lemma. O]
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We let DI (X,0x) C DT (X,Ox) denote the full subcategory consisting of

qcoh

objects L such that H'L € QCoh(X) for all ¢, where H' denotes the i-th cohomol-
ogy sheaf. The corollary implies that D, (X,Ox) C D(X,Ox) is triangulated

qcoh

subcategory. Indeed, if L — M — N — L[1] is a distinguished triangle with
L, M € D}, then, by the long exact sequence

qcoh»
HiL N szM N szN N in+1L N Hi+1M

and the corollary, we have N € D~ The inclusion functor ¢: QCoh(X) C

qcoh*

Shv(X, Ox) is exact and induces a triangulated functor p: DT™QCoh(X) — DI, (X, Ox).

qcoh
Theorem 2.4.8. (1) (Gabber) QCoh(X) admits enough injectives.

(2) Assume either

e X is Noetherian, or

o X is quasi-compact and Ax is affine.
Then the functor

¢: DY(QCoh(X)) — D,

qcoh (X7 OX)
is an equivalence of category. Moreover, for L € DT (QCoh(X)),
RI(X, p-)(L) = RT(X, L),

Remark 2.4.9. If X is Noetherian, then ¢ preserves injectives. In general, even
for X affine, ¢ does not necessarily sends injectives to flabby sheaves.

We refer to |SP, 077P], [SGAG, II 3.5, Appendice 1] and |T'T, Propositions B.8,
B.16] for more details.

Applications to Rf,

Corollary 2.4.10. Let f: X — S be an affine morphism and let F € QCoh(X).
Then

(1) RIf.F =0 forallq>1.
(2) HI(X,F) ~ HI(S, f.F) for all q.

Proof. Recall that R?f,F is the sheaf associated to the presheaf V — H(f~1(V), F).
For V affine, f~1(V) is affine and HI(f~*(V),F) = 0 for ¢ > 1. Tt follows that
foF ~ Rf.F and RT(X,F) ~ RT(S, Rf.F) ~ RL(S, f.F). O

Proposition 2.4.11. Let f: X — S be a quasi-compact and quasi-separated mor-
phism of schemes. For all F € QCoh(X) and all q, R f.F € QCoh(S).
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Lemma 2.4.12 (Mayer-Vietoris). Let f: X — S be a continuous map between
topological spaces and let X = Uy UUy be an open cover of X. Let U = U; NUs,. Let
fi: Ui — S and g: U — S denote the restrictions of f. For L € D (Shv(X)), we

have a distinguished triangle
Rf.L —— RftL® Rfsul. —— Rg.L —— Rf.L[1]

Proof. Up to replacing L by an injective resolution, we may assume L € K+ with
L injective. It suffices to show the exactness of the sequence

Taking sections on an open subset V' C S, we get
0= L'/~ (V) = L'(fT (V) @ L'(f (V) = L'(fi (V)N [ (V) = 0.

The surjectivity of o follows from the fact that L? is flabby and the remaining part
of the exactness follows from the sheaf condition. m

Proof of Proposition[2.4.11. We may assume that S is affine. Since X is quasi-
compact, X can be covered by n affine opens for some n.

Case X separated. We proceed by induction on n. The case n = 0 is trivial. For
n > 0, we have X = U; U U, with U; affine and U, covered by n — 1 affine opens. In
the notation of the lemma above, we have a distinguished triangle

By Corollary[2.4.10] Rf1.(F) =~ f1.F is quasi-coherent. Moreover, R fo. F € D, (S)

coh
by induction hypothesis. Since X is separated, U; NU; can be covered by n— 1qafﬁne
opens, and consequently Rg.(F) € D;rcoh(S ) by induction hypothesis. It follows that
RF(F) € Do (S).

General Case. We proceed again by induction on n. The case n = 0 is trivial.
For n > 0, write X = U; N U, with U; affine and U, covered by n — 1 affine opens.
Proceed as in separated case except that Rg,.F € D, (S) is deduced from the
separated case applied to U = U; N Uy C U;. Note that U is quasi-compact and

separated. O

Flat base change

Given a commutative diagram of ringed spaces

X ., x

Jf/ Jf (%)

g —= 8

and an Ox-module F on X, we have a base change morphism

g fe = L0
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given equivalently by
or
g fe = Lf7g fe = LR o= fib”

We will give sufficient conditions for the base change morphism to be an isomorphism
in the case of quasi-coherent sheaves on schemes.

Lemma 2.4.13. Assume that (x) is a Cartesian square of schemes and f is affine.
Then for F € QCoh(X), the base change map g*f.F — fLh*F is an isomorphism.

Proof. We may assume S = Spec(A), S = Spec(4’), X = Spec(B), X' = Spec(B®4
A"). Assume F = M for a B-module M. Then the left hand side is (M ®4 A’)~ and
the right hand side is M ®p (B ®4 A’)~ and the base change map is the canonical
isomorphism. O

Proposition 2.4.14 (flat base change). Assume that (x) is a Cartesian square
of schemes, f is quasi-compact and quasi-separated, and g is flat. Then for F €

QCoh(X), the base change map g*Rf.F — (Rf.)h*F is an isomorphism.

Since g* is exact, it induces a functor g*: D*(S,Og) — DT (5", Og). The same
holds for h*. The base change map is given by

9" Rf. >~ R(g"f.) = R(fih") — (Rf)R"

Proof. We first prove the case where g is an open immersion. We replace F by a
resolution L € K with L? injective. Then h*L? is injective and

Having established the proposition for open immersions, we may assume that S
is affine. Since f is quasi-compact, X is quasi-compact and can be covered by n
affine open subsets. We then proceed by induction on n and apply Mayer-Vietoris
as in Proposition to reduce to the case where X is affine, which has been

proved in Lemma [2.4.13] O

2.5 Cohomology of projective space

Theorem 2.5.1. Let A be a ring, X = P4 = Proj(R), where R = Alxy, ..., 14,
d>1. We regard I'(X, —) as a functor Shv(X,Ox) — Mod 4.

e HY(X,0Ox(n)) =0, for ¢ # 0,d and for all n.
o R 5 @, HY(X,0x(n)) as graded A-modules.
o HYX,0x(n)) is a free A-module with basis {xf* - b | k; <0, S k; = n}.

In particular, for n > 0, H*(X,Ox(n)) and H(X,Ox(—n —d — 1)) are both free
of rank (";d).



132 CHAPTER 2. COHOMOLOGY OF QUASI-COHERENT SHEAVES

—_—~—

Recall that Ox(n) = R(n). For the proof it is convenient to use derived tensor
products of multiple complexes. We will not develop the theory in full generality
but concentrate on what is necessary for the proof of theorem.

Definition 2.5.2. Let A be an additive category. The category C™(A) of m-
uple complexes is defined recursively by C°(A) = A and C™(A) = C(C™ (A))
for m > 1. We consider the total complex functor with respect to coproducts
totg: C™(A) — C(A) defined by

(tOt@L)n = @ Lil ~~~~~ im
i1+ tim=n
d’bl ..... tm __ zn:(_l)zl-‘r +1; 1d“ ..... im
Jj=1

The tensor product functor extends to the category of complexes:

C~(Mod) x C~(Mod,) — C*(Mod,) —=2 C(Mod)
(L,M)— Le M
where (L ® M)% = L' @ M.

Lemma 2.5.3. Let L, M € C~(Mody,). Assume that L' is flat for all i and L or
M is acyclic. Then tot(L ® M) acyclic.

Proof. Case where M is acyclic. Then L' ® M is acyclic for each i and hence
tot(L ® M) is acyclic.
Case where L is acyclic. The complex L decomposes into short exact sequences

0 — Z'L Lt 7L —— 0.
By descending induction on 4, one shows that Z'L is flat. Thus
0 —— Z'"LOM —— L'OM —— ZF' LM —— 0

is exact, which implies Hv*(L ® M) = 0. Thus tot(L ® M) is acyclic. O

Proof of Theorem[2.5.1 Consider the cover U = {U;}¢_, of X, where U; = D, (x;).
Note that Uj,,..i, = D(x;, - - - 7;,) is affine. By Leray’s theorem, we have HIYU,O(n)) ~
Hi(X,0(n)).

We will compute the Cech cohomology. We have

U, 0m) =TI (Ruyay,)n:

i< <ip

Let

Can(U, 0(e)) := €D € = D (Reyow,)

nez o< <ip
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and let K* be @,z Cop(U,O(n)):
K* = (R —— C5,U,0(e)) —— Cgyy (U, O(e)) Can(U,0(e)))

a

EBz' Rasq ®i<j Rxmj RCCO'“M

with R placed at degree 0. We have

R$¢07~--$ip = ( ® A[xl]%) ® ( ® A[xl])

i€ {iormensip) ¢ {{io,vip}

and

K* = tot <(§(A[xi] - A[xi]xi)>

=0

with A[z;] in degree 0. Since

(Alz;] = Alzls,) — P zh A[-1]

k;<0
is a quasi-isomorphism, we have a quasi-isomorphism
d
K*— QP 2l Al-d —1]
=0 k; <0
by Lemma [2.5.3] The theorem follows. O

Definition 2.5.4 (Koszul complex). Let A be a ring, F' an A-module, and v: A —
F a homomorphism of A-modules (determined by v(1) € F). Define K*(v) €
C=°(Mody) by KP(v) = Nj(F),

p+1

p
& NF— \F
z—u(l)Ax
For an A-module M, we define K*(v, M) := K(v) ®4 M.
For F = A" and v(1) = f € A", we write K*(f) for K*(v).

Example 2.5.5. Let fi,..., f, € A. Let X = Spec(A). Then U = {D(f;)}; is an
affine open cover of U = U]_; D(f;) € X. We have

KA @A, M) = (M @M, — P My, —-— Mfl...f,)
=1

i=1 0<i<j<r

= (N(X, M) = O U, M) = Cop, (U, M) — - = Clyy (U, M),

where M is placed at degree 0.



134 CHAPTER 2. COHOMOLOGY OF QUASI-COHERENT SHEAVES

Date: 12.1

Finiteness and vanishing theorems
Let X be a locally Noetherian scheme.

Definition 2.5.6. An Ox-module F is said to be coherent if it is quasi-coherent
and of finite type. We let Coh(X) C QCoh(X) denote the full subcategory consisting
of all coherent Ox-modules.

Theorem 2.5.7 (Serre). Let A be a Noetherian ring, S = Spec(A), f: X — S a
projective morphism, and F a coherent sheaf on X.

(1) (finiteness) For all q, HY(X,F) is a finitely generated A-module.

(2) (vanishing) Let L be an ample invertible sheaf. Then there exists ng > 0 such
that H1(X,F @ L") =0 for alln > ng and q > 1.

Note that H1(X,F) = 0 for ¢ > 0 (independently of F) by Grothendieck’s
theorem (Theorem [2.2.14]) or the proposition below.

Proposition 2.5.8. Let X be a scheme and U = {U;}L, an open cover of X such
that each Uy, ... ;, is affine. Let F be a quasi-coherent Ox-module. Then HY(X, F) =
0 for all ¢ > d.

Proof. By Leray’s theorem HY(X,F) ~ HS% (U, F) =0 for ¢ > d. O
Proof of Theorem [2.5.7. (1) Since f is projective, it factors through a closed immer-
sioni: X < P4. Then HY(X, F) = HI(P%,i.F) and i..F is a coherent Ops -module.
Up to replacing X by P%, we may assume X = P%.

In this case, we proceed by descending induction on ¢. For ¢ > d, H4(X, F) = 0.

Assume that the assertion is proved for ¢ + 1. By the ampleness of Ox(1), there
exists an epimorphism Ox(—m)" — F, which extends to a short exact sequence

0 G Ox(—m)" F 0

with G coherent. Taking cohomology, we get the exact sequence
HY(X,O(—m)") —— HI(X,F) —— HI(X,G).

Since H?(X, O(—m)") is a finitely generated A-module by Theorem[2.5.1]and H4™ (X, )
is a finitely generated A-module by induction hypothesis, H9(X, F) is a finitely gen-
erated A-module. (Here we used the assumption that A is Noetherian.)

(2) Case L very ample. By assumption, we have a closed embedding i: X < P"

with £ ~ ¢*O(1). Consequently, i.(F @ L") ~ i, F ® O(1)*" = i, F @ O(n) and
HYX,F @ L) = HYP", i, (F ® £E")) ~ HI(P", i, F @ O(n)).

Since i,.F is a coherent sheaf, we may assume, up to replacing X by P4, that X = P¢
and £ = O(1).
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In this case, we proceed by descending induction on ¢q. For ¢ > d, HI(X, F ®
O(n)) = 0. Assume the assertion proved for ¢+ 1. As in (1), we have a short exact
sequence

0 g Ox(—m)" F 0,

which induces a short exact sequence
0 —— G0Mn) —— Ox(n—m)" —— FR0(n) —— 0.
Taking cohomology, we the exact sequence
HY(X,0(n—m)") —— HYX,F®0O(n)) —— H™(X,G ® O(n)).

Since HY(X,O(n—m)") = 0 for n > m by Theorem[2.5.]]and H*"(X,G®0O(n)) = 0
for n > 0 by induction hypothesis, H4(X,F ® O(n)) = 0 for n > 0.

General case. There exists m > 1 such that £™ is very ample. We apply the
very ample case to (F @ L, £L%™) 0 < i < m — 1. For each i, there exists N; such
that HY(X,F @ L") = ( for n > N; and ¢ > 1. Therefore, it suffices to take
Ny = MaxXogi<m{mV; + 1}. O

The vanishing theorem has the following converse.

Theorem 2.5.9. Let X be a quasi-compact scheme, L an invertible Ox-module.
Assume that for every quasi-coherent ideal T C Oy, there exists n > 1 such that
HYX,ZT® L%") =0. Then L is ample.

In the case where X is Noetherian, every quasi-coherent ideal is coherent.

Proof. Let x € X be a closed point. There exists an affine open neighborhood
U = Spec(A) 5 z on which £ is trivial. Let Z = X\U and Z' = Z U {z}, equipped
with induced reduced closed subscheme structure. We have a short exact sequence

0 IZ’ IZ Iz/IZ/ E— O,

where Z;/Z7 ~ i.k(x), i: {x} — X. By assumption, there exists n > 1 such
that H'(X,Z ® £®") = 0. Twisting the short exact sequence by O(n) and taking
cohomology, we get the exact sequence

(X, Z7; @ L) —— k(z) —— HYX,Z;® L®) = 0.

Let s € T'(X,Z7 ® L®") be a pre-image of 1 € k(x). We may regard s as a section
of L®™ via the map I'(X,Z; @ L®") — T'(X, £%"). Then X, C X\U = Z. Since
s is mapped to 1 € k(z), we have x € X;. Choose a trivialization £|y ~ Op and
consider the induced map

F(U7 £®n> :> F(U7 OU)
s— f.
Then X = Spec(Ay) is affine.
Let S = @20 ['(X, £%"). Then Y = Usg, homog Xs contains all closed points of

X by the above. If Y # X, then X\Y, which is a closed subset of X, contains at
least one closed point. Thus Y = X. In other words, £ is ample. O
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Corollary 2.5.10. Let A be a Noetherian ring, f: X — Spec(A) a proper mor-
phism, and L an invertible Ox-module. Then L ample if and only if for every
quasi-coherent ideal T C Oy, there exists n > 1 such that H' (X, T @ L") = 0.

Proof of Theorem |2.4.4]. By Theorem [2.5.9, Ox is ample. In other words, X =
Ui, Xy, with f; € A =T(X,Ox). The morphism

OSL( (fl ----- fn) OX

is an epimorphism of sheaves of abelian groups, because it is so on each Xy,. Consider
the short exact sequence

Let F; be the intersection of F with the direct sum of the first ¢« summands on O%.
Then F;/F;_1 is a quasi-coherent ideal sheaf. It follows that H'(X,F) = 0 and
I'(X,0%) - I'(X,0x). Thus fi,..., f, generate the unit ideal of A. Therefore, X

is affine (exercise). O
The finiteness theorem has the following generalization.

Theorem 2.5.11. Let X and S be locally Noetherian schemes and f: X — S a
proper morphism. Let F € Coh(X). Then R1f.(F) € Coh(S) for all q.

By contrast, for f affine, f, does not preserve coherent sheaves in general.



Exercises

Problem 1. Let A be a ring. Let U and V' be quasi-compact open subsets of
Spec(A). Show that U NV is quasi-compact.

Problem 2. An open subset of Spec(A) is called principal if it is of the form D(f)
for some f € A.

(1) Find an open subset of Spec(Z[X]) that is not principal.

(2) Let A be a Dedekind domain whose ideal class group is torsion (e.g. A is the
ring of integers of a number field). Show that every open subset of Spec(A) is
principal.

Problem 3. Let F and G be sheaves on a topological space X. We let Hom(F,G)
denote the presheaf on X carrying an open subset U C X to Hom(F|y,G|y). Show
that Hom(F,G) is a sheaf on X.

Problem 4. Let X be a topological space, U an open subset, and j: U — X the
inclusion map.

(1) (Extension by the empty set) Let F be a sheaf of sets on U. Show that the
presheaf on X
F(V) VCu

-Set

F: V=
4 {@ Vau
is a sheaf. Compute the stalks of jPF.

(2) (Extension by zero) Let F be a sheaf of abelian groups on U. Let 5 F be the
sheafification of the presheaf on X

F(V) VCU

j,pSh]:: Vi
' 0 vV ZU.

Compute the stalks of jiF. Deduce that j: Shv(U, Ab) — Shv(X, Ab) is an
exact functor. Find an example for which j™"F is not a sheaf.

(Remark. ji is a left adjoint of j7!: Shv(X,Set) — Shv(U, Set) and j is a left
adjoint of Shv(X, Ab) — Shv(U, Ab).)

137



138 EXERCISES

Problem 5.

(1) Show that a ring homomorphism ¢: A — B is a monomorphism if and only
if ¢ is an injection. (Hint. Consider ring homomorphisms Z[X] — A or the
diagonal Ay: B — B x4 B).

(2) Let f: Y — X be an epimorphism of schemes. Show that f%: Ox(X) —
Oy (Y) is an injection and f(Y) intersects with every nonempty closed subset
Z of X. (Hint for the second assertion. Consider the scheme obtained by
gluing two copies of X along X\Z.)

(3) Use (b) to give an example of an injective ring homomorphism ¢: A — B such
that Spec(¢): Spec(B) — Spec(A) is not an epimorphism of schemes.

Problem 6. We say that a continuous map f: Y — X is dominant if f(Y) is dense
in X. We say that a morphism f: Y — X of schemes is scheme-theoretically
dominant if f*: Ox — f.Oy is a monomorphism. (You may ecither admit the
fact that a morphism ¢: F — G in Shv(X, Ring) is a monomorphism if and only if
ov: F(U) — G(U) is an injection for every open subset U of X, or take this as a
definition.)

(1) Show that a ring homomorphism ¢: A — B is an injection if and only if
Spec(¢): Spec(B) — Spec(A) is scheme-theoretically dominant.

(2) Show that a scheme-theoretically dominant morphism f: Y — X is dominant.
Show moreover that the converse holds for X reduced.

(3) Show that a scheme-theoretically dominant morphism that is surjective is an
epimorphism of schemes. Deduce that any surjective morphism of schemes
f:Y — X with X reduced is an epimorphism.

Problem 7.

(1) Show that a ring homomorphism ¢: A — B is an epimorphism if and only if
Spec(¢): Spec(B) — Spec(A) is a monomorphism of schemes.

(2) Let X be a scheme. Let X' = [[,cx Spec(k(z)), where r(z) denotes the
residue field of Ox, and let f: X’ — X be the canonical morphism sending
2’ = Spec(k(z)) to z with f%: Ox, — k(z) given by the projection. Show
that f is a monomorphism of schemes.

(3) Use (b) and Problem|[6]c) to give an example of a morphism of affine schemes
that is a monomorphism of schemes, an epimorphism of schemes, and a bijec-
tion, but not an isomorphism of schemes.

Problem 8. Let P be an infinite set and let A C [[,cp F2 be the subring consisting
of a = (a,) such that supp(a) := {p | a, # 0} is a finite or cofinite subset of P.
(Recall that a cofinite subset is the complement of a finite subset.) Let m, be the
kernel of the projection A — [, sending a to a, and let my, = @,cp F2 C A.
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(1) Let P* = PU{oc} be the one-point compactification of the discrete set P. (In
other words, the open subsets of P* are the cofinite subsets of P* and all the
subsets of P.) Show that m, and m. are maximal ideals of A and the map
P* — Spec(A) sending p to m, and 0o to my, is a homeomorphism.

(2) Show that A/m., ~ Fs.
Problem 9. Show that every nonempty quasi-compact Ty space has a closed point.
Problem 10.

(1) Let X be a quasi-compact scheme. Let A = Ox(X) and f € A. Show that
the restriction map A — Ox(Xy) factors through an injective homomorphism
qbl Af — Ox(Xf)

(2) Let X be a scheme admitting a finite cover {U;} by open affines such that
each intersection U; N U; is quasi-compact. Show that ¢: Ay — Ox(Xy) is an
isomorphism.

(3) Let X be a scheme such that there exist fi,...,f, € Ox(X) = A with
>, fiA = A and Xy, affine for all ¢. Show that X is affine.

Problem 11. Let f: Y — X be a morphism of schemes.

(1) Show that if f is locally of finite type, U ~ Spec(A) is an affine open of X
and V' =~ Spec(B) is an affine open of f~!(U), then B is a finitely-generated
A-algebra.

(2) Show that if f is quasi-compact and U is a quasi-compact open subset of X,
then f~'(U) is quasi-compact.

(3) Show that if f is affine and U is an affine open of X, then f~!(U) is an affine
open of Y.

(4) Show that if f is finite and U ~ Spec(A) is an affine open of X, then f~(U) ~
Spec(B) with B a finite A-algebra.
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Problem 12. (1) Let A be a Noetherian local ring of dimension > 1. Show that
the maximal ideal m is the union of prime ideals of A of height 1. (Hint. Use

Krull’s principal ideal theorem. The weaker assertion with height 1 replaced
by height < 1 suffices for (b).)

(2) Let A be a Noetherian ring of dimension > 2. Deduce from (a) that there are
infinitely many prime ideals of A of height 1. (Hint. Use the prime avoidance
lemma.)

(3) Deduce from (b) that every locally Noetherian scheme of dimension > 2 has
infinitely many points.

Problem 13. (1) Show that a morphism f: Y — X in a category admitting fiber
products is a monomorphism if and only if the first projection Y xx Y — Y is
an isomorphism. Show moreover that monomorphisms are stable under base
change.

(2) Let k be a field. Use (a) to show that a ring homomorphism ¢: k — B is
an epimorphism if and only if B = 0 or ¢ is an isomorphism. Deduce that
a morphism of schemes f: Y — Spec(k) is a monomorphism if and only if
Y = () or f is an isomorphism.

(3) Let f: Y — X be a monomorphism of schemes. Show that f is an injection
and for every point y € Y, the extension of residue fields k(y)/x(f(y)) is
trivial.

Problem 14. Given a scheme X and a field K, we let X (K') denote Hom(Spec(K), X).

(1) Let ¢: K — L be afield embedding. Show that the induced map X (¢): X (K) —
X (L) is an injection. (Hint. Use Problem [f]or the identification of X (K) with
{(z,0) |z € X,0: k(z) = K}.)

(2) Show that a morphism of schemes f: X — Y is surjective if and only if for
every field K, there exists a field extension L/ K such that f(L): X(L) — Y (L)
is a surjection. (Hint for the “only if” part. One can start by showing that
for every K and every y € Y (K), there exists a field embedding ¢,: K — L,
such that Y (¢,)(y) € Y(L,) belongs to the image of f(L,). A more direct
proof is also possible.)

(3) Show that a morphism of schemes f: X — Y is radiciel if and only if the
diagonal morphism A;: X — X Xy X is surjective. Deduce that every radiciel
morphism is separated.
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Problem 15.

(1)

(2)

(3)

Let g and h be morphisms of schemes X — W and let E be their equalizer.
Show that the morphism F — X is an immersion whose image is contained
in the set-theoretic equalizer E' = {x € X | g(z) = h(z)}.

Deduce the following improvement of Problem @(c): a scheme-theoretically
dominant morphism f: Y — X such that f(Y') intersects with every nonempty
closed subset Z of X is an epimorphism.

Let A be a local domain of dimension > 2 with fraction field K and residue
field k. Use (b) and Problem [7(b) to show that Spec(K x k) — Spec(A)
is a monomorphism of schemes and an epimorphism of schemes, but not a
surjection.

Problem 16. (1) Let i: Z — X be a closed immersion of schemes. Let

(3)

W= SpeC(OX X0z OX)'

Show that the canonical morphism X [T X ~ Spec(Ox x Ox) — W is finite
surjective. Describe the underlying topological space of WW.

(Remark. This construction and its generalizations are called pinching.)

Let f: Y — X be a quasi-compact morphism of schemes. Show that the ideal
sheaf Z = ker(Ox — f.Oy) is quasi-coherent and the closed subscheme Z of
X defined by Z is the smallest closed subscheme of X through which f factors.
We call Z the scheme-theoretic image of f.

Deduce that a quasi-compact morphism of schemes f: Y — X is an epimor-
phism if and only if f is scheme-theoretically dominant and f(Y') intersects
with every nonempty closed subset of X. (See also Problems [5|(b) and [I5{(b).)

Problem 17. Let k£ be an algebraically closed field. In each of the following cases,
compute the normalization f: X¥ — X of X. Describe all fibers of f that are
not geometrically irreducible or geometrically reduced. Is f a universal homeomor-
phism?

(1)
(2) X

X = Spec(k[z,y]/(y" — x2°%));

Spec(k[z,y, 2] /(xy? — 2%)). (Hint. The answers depend on whether
char( ) =2.)
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Problem 18. (1) Show that an injective and closed morphism of schemes is affine.

(2) Deduce that an injective and universally closed morphism of schemes is inte-
gral.

Problem 19. (1) Show that a scheme X is separated if and only if there exists
an affine open cover {U;} of X such that U; N U; is affine and the canonical
homomorphism

Ox(U,) X7z, Ox(U]) — Ox(UZ N U])

is surjective for all 7, .

(2) Let R be a graded ring. Show that, for all f,g € R, homogeneous, the canon-
ical homomorphism R ® Ry — Ryyg) is surjective. Deduce that Proj(R) is
separated.

Problem 20. Let R be a graded ring.

(1) Show that for any prime ideal p of R, @45¢(p N Ry) is a homogeneous prime
ideal of R. Deduce that any minimal prime ideal of R is homogeneous.

(2) Let T be the set of maximal points of Spec(R). Show that 7'M Proj(R) is the
set of maximal points of Proj(R).

(3) Show that Proj(R) is normal if R is an integrally closed domain.

Problem 21. (1) Let A be a Noetherian ring and b an ideal of A. We say that an
ideal a of A is b-saturated if (a: b) = a, where (a:b) :={z € A| bz C a}.
For any ideal a of A, show that the sequence of ideals (a : b"), n > 0 is
stationary and (a :* b) := U,>o(a : b") is the smallest b-saturated ideal
containing a.

(Remark. We have (a:® b)/a ~ I'y(y)(Spec(A), AA/Ja), where I'; denotes the

set of global sections supported in a closed subset Z.)

(2) For any primary ideal q of A, show that

o )0 VA2,
(q: b)—{A Jioo.

Deduce that (v/a:> b) = Nyev (@) P-

(3) Let R be a graded ring. For any subset Y C Proj(R), let I(Y) = Nyey b.
Show that V. (I(Y)) =Y is the closure of Y in Proj(R).

(4) Assume that R is Noetherian. For any homogeneous ideal a of R, show that
I(Vi(a)) = (vVa :* R,). Deduce that the maps V, and I induce a one-
to-one order-reversing correspondence between R, -saturated radical homoge-
neous ideals of R and closed subsets of Proj(R).

Problem 22. Let A be a ring and let a,b > 1 be integers. Show that the weighted
projective line P4 (a,b) is canonically isomorphic to PL.
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Problem 23. Let A be aring and let d > 2 be an integer. Let I C R = Alxo, ..., z4]
denote the homogeneous ideal of the d-uple embedding P} — PY.

(1) Show that I N Ry is a free A-module of rank (g) Deduce that I cannot be

d

generated by less than (2

) elements unless A = 0.

(2) Show that I is generated by I N Ry. (Hint. Show that I N R, is generated by
Tiy * ** Ti,, — Tjy -+ X4, With 19+ -+ 414, = jo +--- + jn. Proceed by induction
on n to show that such elements are generated by I N Ry.)

(3) Assume d = 3. Let J = (22 — zo2s, 23 — 2023) C I. Check that v/J = /1.

Problem 24. We say that a scheme X is locally integral if Oy , is a domain for
every x € X. Show that the irreducible components of a locally integral scheme
are disjoint. Deduce that a locally integral scheme with finitely many irreducible
components is a finite coproduct of integral schemes.

Problem 25. Let k be a field.

(1) Let A be a finitely generated k-algebra that is a domain. Assume that A, is
integrally closed for every prime ideal p of height 1. Show that the integral
closure of A is N, Ay, where p runs through height 1 prime ideals. (Remark.
The assumption that A is a finitely generated k-algebra can be weakened to
A being a universally catenary Japanese Noetherian domain. The universal
catenarity cannot be dropped. See [EGA IV, Exemple 5.6.11].)

(2) Let R be a finitely generated graded k-algebra that is a domain generated by
Ry over Ry. Assume that R, has height > 2 and X = Proj(R) is normal.
Show that the canonical map R — T'.(Ox) = @,z (X, Ox(n)) identifies
I'.(Ox) with the integral closure of R.

Problem 26. Let X be a scheme and £ an invertible sheaf on X. Let s € I'(X, £).
Show that for any affine open U of X, X, NU is affine.

Problem 27. Let A be aring. For an A-module M, we let P4 (M) denote Proj(Sym 4(M)).
Let 0 — M’ L M % M" = 0 be a short exact sequence of A-modules.

(1) Show that g induces a closed immersion P4(g): Pa(M") — P4(M) and f
induces an affine morphism P4(g): P4(M)\im(P4(g)) — Pa(M’).

(2) Assume that the exact sequence splits. Show that P4(g) can be identified
with the projection V(Oy(—1) ®4 M") — Y. Here Y := P4(M’), and, for a
quasi-coherent Oy-module F, V(F) := Spec(Symy,, (F)).
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Problem 28. Let f: X — Y be a morphism of schemes with X quasi-compact.
Let £ and £’ be invertible sheaves on X and M an invertible sheaf on Y.

(1) Show that X = Usesg, .m0, Xs if and only if L2 is globally generated for some
n > 1. Here S = @,50'(X, £%"). In this case we say that £ is semiample.

(2) Show that if £ is ample and £’ is semiample, then £ ®o, L is ample.

(3) Show that if £ is f-ample and M is ample, then for n > 0, L ®o, f*M®" is
ample.

(4) Show that if £ is f-very ample and L’ is globally generated, then £ ®¢, L' is
f-very ample.

(5) Show that if f is locally of finite type and L is ample, then there exists an
integer ny such that £&™ is f-very ample for all n > ny. (Hint. Use (d).)

Problem 29. (1) Let f: X — S be a separated morphism of schemes. Show that
every section s of f is a closed immersion.

(2) Let S be a scheme and £ a quasi-coherent Og-module. Let f: V(£) — S and
let s: S — V(&) be the zero section of f, namely the section induced by
0: £ = Og. Let T C Oyg) be ideal sheaf corresponding to s. Show that
ST ~€&.

Problem 30. Let S be a scheme and £ a quasi-coherent Og-module. Let P =
P(E®Og). Let Zp and 0p denote the closed subschemes defined respectively by the
closed immersions P(£) — P and P(O) — P given by the projections € & Og — &
and £ ® Og — Os. We call Zp the infinity locus and 0p the zero section of
P—S.

(1) Show that Zp is an effective Cartier divisor of P and that P\Zp can be
identified with V(&). We call P the projective closure of V(&).

(2) Let X = P(Op)(1) @ Op(e)). Let Zx and Ox denote respectively the infinity
locus and zero sections of X — P(€). Construct an S-morphism 7: X — P
identifying X with the blowing up of P at 0p such that 7#='(0p) = Ox and
7 Y(Zp) = Zx as subschemes of X. Describe 7 in terms of the functors
(Sch;s)°® — Set that X and P represent.

(3) Deduce that V(Ope)(1)) ~ Bl (V(€)) and V(Ope)(—1)) ~ P\Op. (For the
last isomorphism, see also Problem [27(b).)

Problem 31. Let k be a field of characteristic # 2 and let S = Spec(k[z, y|/(y* —
x)). (The point V(z,y) is called a tacnode.) Find a blowing up S’ — S with S’
normal.
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Problem 32. Show that, in a triangulated category, the direct sum of two distin-
guished triangles is a distinguished triangle. (Hint. Let T;: X; I Y, — Z; — Xi[1],
1 = 1,2 be distinguished triangles. Extend f; @ f5 to a distinguished triangle T" and
construct a morphism from 77 & 15 to T.)

Problem 33. Let D be a triangulated category.

(1) Show that for objects X and Y in D, the triangle X % X &Y & v & X[1],
where i and p are the canonical morphisms, is a distinguished triangle. (Hint.
Use Problem [32])

(2) Conversely, show that every distinguished triangle X Lyszhx [1] in D
with A = 0 is isomorphic to the distinguished triangle in (1).

Problem 34. Let A be an abelian category. For every L € D(A) and n € Z,
construct a distinguished triangle 7<"L — L — 72" L I (7<nL)[1] in D(A).
Show that H'h = 0 for all i. Give an example with h nonzero in D(A).

Problem 35. Let F': A — B be a left exact functor between abelian categories
admitting an F-injective subcategory J C A. We say that X € A is F-acyclic if
R'FX =0 for all n > 1. We let Z denote the full subcategory of A spanned by
F-acyclic objects.

(1) Show that Z is F-injective.

In the rest of this problem, assume that there exists N > 0 such that RNFX = 0
for all X € A.

(b) Show that R"FX =0 for all X € A and n > N.

(c¢) Show that for every exact sequence Xy 1 — -+ = X; = Y — 0 in A with
RIFX; =0 for all j >4, Y is F-acyclic.

(d) Deduce that for every L € C(I) acyclic, F'L is acyclic.

Problem 36 (Serre). Let X be a quasi-compact scheme. Assume that H'(X,Z) =0
for every quasi-coherent ideal Z of Ox. Proceed in the following steps to show that
X is affine.

(1) Show that for every closed point x € X, there exists f € Ox(X) such that
r € Xy and Xy is affine. (Hint. Choose an affine open neighborhood U of x
and consider the short exact sequence 0 — Zy — Z, — Z5/Z; — 0, where
Z = X\U and Z' = Z U{z} are equipped with the reduced closed subscheme
structures.)

(2) Use Problem [J] to deduce that there exist fi,...,f, € Ox(X) with X =
Ui, Xy, and X7, affine.

(3) Show that fi,..., f, generate the unit ideal in Ox(X). Conclude by Problem
10(c).
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Problem 37. Let F': DT(A) — D" (B) be a triangulated functor carrying D=°(.A)
into D=%(B). Let X € D=°(A). Prove the existence of an isomorphism H°FHX ~
H°FX and an exact sequence

0— H'FH°X - H'FX - H'FH'X — H*FH°X — H’FX.
(Hint. Use the distinguished triangle H°X — X — 72'X — (H°X)[1].)

Problem 38. Let G be a sheaf of groups on a topological space X. A sheaf F of
sets on X equipped with a (left) action of G is called a G-torsor if

e For every open subset U of X and every pair of sections s,t € F(U), there
exists a unique g € G(U) such that gs = t.

o F, A forall x € X.
A morphism of G-torsors is a morphism of sheaves preserving the G-action.

(1) Show that every morphism of G-torsors is an isomorphism. Let Tors(G) denote
the set of isomorphism classes of G-torsors.

(2) In the case with G abelian, establish a bijection between Tors(G) and H' (X, G).
For every open cover U of X, describe the collection of G-torsors corresponding
to the image of the map H'(U,G) — H'(X,G).

(3) Let Ox be a sheaf of rings on X. Let Loc,(Ox) denote the set of isomorphism
classes of locally free Ox modules of rank n. Establish a bijection between
Loc,(Ox) and Tors(GL,(Ox)), where GL,,(Ox) denotes the sheaf of groups
U — GL,(Ox(U)). (Hint. For alocally free Ox-module F of rank n, consider
Zsomo, (0%, F).)

(4) Establish a group isomorphism Pic(X, Ox) ~ H'(X, O%), where O% denotes
the abelian sheaf U — Ox(U)*.

Problem 39. Let X be a quasi-compact quasi-separated topological space such that
quasi-compact open subsets form a basis. The goal of this problem is to show that
HY(X,—) commutes with filtered colimit: for every filtered system (F;) of abelian
sheaves on X, the canonical map

colim HY( X, F;) — HY(X, colim F;)

is an isomorphism.

(1) Let Cov denote the collection of finite quasi-compact open covers of open
subsets of X. Show that the full subcategory J of Shv(X) consisting of G
satisfying H?(U,G) = 0 for all YU € Cov and p > 1 is ['(X, —)-injective.

(2) Let G; be a filtered system of flabby sheaves. Show that colim; G; € J.

(3) Conclude by induction on ¢. (Hint. Choose a functorial monomorphism
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Problem 40.

(1) Let X be a scheme. Let Z be a quasi-coherent ideal sheaf of Ox such that
7" = 0. Assume that the closed subscheme Xy = (X, Ox/Z) of X defined by
7 is affine. Show that X is affine. (Hint. Show that H'(X,F) = 0 for every
quasi-coherent Ox-module F using the filtration (Z™F)o<m<n-)

(2) Deduce that a Noetherian scheme X such that X,.q is affine is affine.

Remark. (Yin Hang) The Noetherian assumption can be removed by apply-
ing Problem [10[c) and a limit argument.

(3) Show that a reduced scheme X admitting a finite cover by affine closed sub-
schemes is affine.
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Problem 41. Let f: X — Y be a finite surjective morphism of Noetherian schemes
with X affine. Show that Y is affine. You may follows the following steps.

(1) In the case where X and Y are integral, show that there exists a coherent
sheaf M on X and a morphism of Oy-modules a: O} — f.M with r > 0
which is an isomorphism at the generic point ny of Y.

(2) Deduce in the case of (a) that for every coherent sheaf F on Y, there exists a
coherent sheaf G on X and a morphism of Oy-modules f,G — F" that is an
isomorphism at 7y. (Hint. Apply Hom(—, F) to «.)

(3) Use Problem 40| to reduce to the integral case. Conclude by Serre’s criterion
(Problem and Noetherian induction on Y.

Remark. This result is due to Chevalley in the case of schemes of finite type
over a field. It holds in fact more generally without the Noetherian assumption,
generalizing Problem 0]

Problem 42. Let X be a scheme proper over a field k. Assume that X is geomet-
rically connected and geometrically reduced over k. Show that the canonical map
k — I'(X, Ox) is an isomorphism.

Problem 43. Let S be a scheme and let X and Y be schemes over S.

(1) Assume that X is integral and Y is of finite type over S. Let s € S be a
point and let x € X and y € Y be points above s. Let ¢: Oy, — Ox, be a
homomorphism of Og ;-algebras. Show that there exists an open neighborhood
U C X of x and a morphism f: U — Y over S such that f(z) = y and f? = ¢.

(2) Assume that X is Noetherian normal of dimension 1 and Y is proper over S.
Let U C X be a dense open subset. Show that every S-morphism U — Y
extends uniquely to an S-morphism X — Y

U——Y

]

X—5

(3) Deduce from Chow’s lemma that a normal scheme of dimension 1 and proper
over k is projective over k. (Remark. This holds in fact without the normality
assumption. )

Problem 44. Let X — S and Y — S be morphisms of schemes and let p: X xgY —
X and ¢g: X XgY — Y be the projections. Show that the canonical morphism
P*Qx/5 D ¢ Qy/g — Qxxsy/s is an isomorphism.
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Problem 45. Let X LV % S be morphisms of schemes. Consider the condition
(%): the sequence
0— f*Qy/S — QX/S — Qx/y — 0.

is exact and locally splits.
(1) Show that if f is formally smooth, then (%) holds.
(2) Show that if (x) holds and gf is formally smooth, then f is formally smooth.

Problem 46. (1) Let A — B be a flat local homomorphism of Noetherian local
rings. Show that if B is regular, then so is A. (Hint. By theorems of Serre
and Auslander, a Noetherian local ring A is regular if and only if A has finite
weak dimension, namely there exists an integer d such that Tor;‘(M ,N)=0
for all A-modules M, N and all n > d.)

(2) Let X 5Ly % 5 be morphisms of schemes, locally of finite presentation.
Show that if f is flat and surjective and ¢ f is smooth, then ¢ is smooth.

Problem 47. (1) Let A be a ring and let R = Alzo,...,x,]/I, where I is a
finitely generated graded ideal. Show that X = Proj(R) is smooth over A if
and only if Spec(R)\V (R,) is smooth over A. (Hint. Identify the latter with
V(Ox(1))\0x, where Ox denotes the zero section.)

(2) Let n > 1 and d > 3 be integers and let k be a field of characteristic p | d.
Show that Gabber’s hypersurface X = Proj(k[zo,...,z,]/(f)) in P", where
f=ad+ >0 v} is smooth over k.

Problem 48. Let k be an infinite field. Let X be a variety over k admitting a
dominant rational map P} --» X over k (such a variety said to be unirational).
Show that X (k) is dense in X.
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Problem 49. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Show
that we have isomorphisms

Rf.RHomx(Lf*N, M) ~ RHomy (N, Rf.M),
RHomx (Lf*N, M)~ RHomy (N, Rf.M),
functorial in M € D(X) and N € D(Y).

Problem 50. (1) Let f;: X; — S, i = 1,2 be quasi-compact quasi-separated
morphisms of schemes. Let X = X; xg Xy and f = f; xg fo: X — 5.
Assume that f; is flat. Prove the Kiinneth formula

Rf1.M; @ Rfy. My ~ Rf.(M, K5 M)

for M; € Dyeon(X;). Here My X% My := Lp; M, ®éx LpiMsy and p;: X — X;
is the projection. (You may admit the fact that the flat base change theorem
extends to0 Dycon-)

(2) Let X; and X5 be proper smooth schemes over a field k. Express the Hodge
numbers h?? of X := X Xgpee(r) X2 in terms of those of X; and Xo.

Problem 51. Let A be a ring and let P = P", where n > 0 is an integer.
(1) Show that H(P, €, 4(m)) = 0 unless one of the following holds:
(i) 0 <p=g<nandm=0,in which case H?(P, 2} ,) ~ A;

(ii) ¢ =0 and m > p;
(iii) ¢ =n and m < p — n.

(Hint. Use the exact sequence

p
0—= O, = A Op(=1)"") = Q) — 0.

The fact HY(P,Q}/,(m)) = 0 for ¢ > 0 and m > 0 is called Bott vanishing.)
Assume in the sequel that A = k is a field.

(b) Compute dimy, HY(P, Q. (m)).

(c) Let X C P be a hypersurface of degree d smooth over k. Show that the
canonical map H?(P, Q0 (m)) — HY(X, Q% (m)) is an isomorphism for p +
g <n—1and m <d. Deduce that H7(X, Q% (m)) =0 for p+¢>n—1and
m > 0. (Remark. For k of characteristic zero, the last statement is a special
case of the Kodaira vanishing theorem.)
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Problem 52. Let £ be an algebraically closed field and let X be a smooth projective
curve over k of genus g. The gonality of X, denoted gon(X), is defined to be the
least integer d > 1 such that there exists a morphism X — Pt over k of degree d.

(1) Show that gon(X) = min{deg(L) | h°(L) > 2}.
(2) Show that gon(X) < g+ 1.
Problem 53. Let k be an algebraically closed field.

(1) Let X be a smooth projective curve of genus g over k. Let D be an effective
divisor on X of degree > 2g. Show that D is rationally equivalent to an
effective divisor D’ on X disjoint from D. (Hint. Apply the Riemann-Roch
theorem to D and D — z for every z in the support of D.)

(2) Deduce that a curve C over k is either proper or affine. (Hint. Use Problem [41]
to reduce to the case where C' is smooth. Then apply (a) to an effective divisor
whose support is precisely C\C. Here C denotes a smooth compactification

of C.)

Problem 54. Let X be a nonempty scheme proper over a field k. The arithmetic
genus of X is defined to be g,(X) := (—=1)%™X) (y(Ox) — 1).
(1) Let X be a hypersurface of degree d in P}. Show that g,(X) = (d%).

n

(2) Assume that k is algebraically closed. Let X be a proper curve over k. Show
that g,(X) = g(X") + X ,ex dimg (0%, /Ox ), where X” denotes the normal-
ization of X and O% , denotes the normalization of Ox ;, and z runs through
the singular points of X. Deduce that g,(X) = 0 implies X ~ Pi.

Problem 55. Let k be a field, R = k[zo, ..., z,], and X = Proj(R/I), where I C R
is the ideal generated by a regular sequence of ¢ < n homogeneous elements of
positive degrees.

(1) Show that X has dimension n — c. We call X a complete intersection in
P?. (Remark. In fact a complete intersection in P} can be characterized as
a scheme-theoretic intersection of dimension n — ¢ of ¢ hypersurfaces in P}.)

(2) Assume that n—c > 1. Show that H°(P}, O(m)) — H°(X,O(m)) is surjective
and H'(X,0(m)) = 0 for all m € Z and 0 < i < n — ¢. Deduce that X is

geometrically connected.

(3) Let X be a complete intersection of a hypersurface of degree d and a hyper-

surface of degree e in P§. Show that g,(X) = $de(d+ ¢ —4) + 1.
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